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INDUCTION AND ABSORPTION OF REPRESENTATIONS
AND AMENABILITY OF BANACH *-ALGEBRAIC
DAMIÁN FERRARO
Abstract. Given a Fell bundle B (saturated or not) over G and a closed subgroup
H ⊂ G, we prove that any *-representation of the reduction BH can be induced to
B. We observe that Exel-Ng’s reduced cross sectional C*-algebra C∗
r
(B) is universal
for the *-representations induced from Be = B{e} and construct a cross sectional
C*-algebra of B, C∗
H
(B), that is universal for the *-representations induced from BH .
We prove an absorption principle for C∗
H
(B) with respect to tensor products of *-
representations of B and *-representations of G induced from H. Using this principle
we show, among other results, that given closed normal subgroups of G, H ⊂ K, there
exists a quotient map qB
KH
: C∗
K
(B)→ C∗
H
(B) which is a C*-isomorphism if and only
if qBK
KH
: C∗(BK)→ C∗H(BK) is a C*-isomorphism. We also prove the two conditions
above hold if qG
KH
: C∗
K
(G)→ C∗
H
(G) is a C*-isomorphism. All the constructions are
performed using Banach *-algebraic bundles having a strong approximate unit.
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Introduction
The (universal) crossed product of a C*-dynamical system (A,G, α) is a C*-algebra
A ⋊α G which is universal for the covariant pairs representing the system [10, 2.6].
Given a closed subgroup H of the locally compact and Hausdorff (LCH) group G,
one may construct a crossed product A ⋊Hα G inducing a faithful *-representation
from the crossed product A ⋊α|H H associated to the restriction (A,H, α|H) (see, for
example, [10, 7.2]). The reduced crossed product of (A,G, α), A ⋊rα G, is just the
crossed product corresponding to the subgroup {e}, A ⋊{e}α G. By the induction in
stages [10, Theorem 5.9], for every inclusion H 
 // K of subgroups of G we have a
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quotient map A⋊Kα G
qKH // // A⋊Hα G ; where by a quotient map we mean a morphism
of *-algebras which is surjective as a function.
Another way of presenting the construction above is by considering the α−semidirect
product B of A and G [7, VIII 4.2]. This new object is our prototypical example of
a saturated Fell bundle (see [7], where Fell bundles are called C*-algebraic bundles).
The crossed product A ⋊α G is just the cross sectional C*-algebra C
∗(B). If one now
takes a closed subgroup H ⊂ G, then the α|H−semidirect product bundle of A and H
is the reduction of B to H, BH , and the induction of covariant pairs from (A,H, α|H)
to (A,G, α) is Fell’s induction of BH−positive representations [7, XI 9]. In fact, every
*-representation of BH is B−positive because B is saturated [7, XI 11.10]. Hence, any
*-representation of BH is inducible to B.
In [6] Exel and Ng construct, out of a Fell bundle B = {Bt}t∈G, a full rightBe−Hilbert
module L2e(B) and a *-representation ΛB : B → B(L2e(B)) they call the regular repre-
sentation of B. The reduced cross sectional C*-algebra C∗r (B) is defined as the image
of C∗(B) under the integrated form Λ˜B : C∗(B) → B(L2e(B)) of ΛB. Quite interest-
ingly, all the *-representations of Be ≡ B{e} are B−positive by [7, XI 8.9]. Then
one can induce any non degenerate *-representation π : Be → B(Y ) via Fell’s concrete
induction process [7, XI 9.24] to produce the (concretely) induced *-representation
IndBe↑B(π) : B → B(Z). The *-representation abstractly induced by π is (by construc-
tion [7, XI 9.25])
ΛB ⊗π 1: B → B(L2(B)⊗π Y ), b 7→ ΛBb ⊗π 1,
and it is unitary equivalent to IndBe↑B(π) by [7, XI 9.26]. One may then think of C
∗
r (B)
as the universal C*-algebra for the (integrated forms of) *-representations induced from
the trivial subgroup {e}; and write C∗{e}(B), C∗(B{e}) and L2{e}(B) instead of C∗r (B),
Be and L
2
e(B) (respectively).
Given a saturated Fell bundle B = {Bt}t∈G and a closed subgroup H ⊂ G, all
the *-representations of BH are B−positive and, after some time spent consulting [7]
and [6], one can produce a right C∗(BH)−Hilbert module L2H(B) and a *-representation
ΛHB : B → B(L2H(B)) in such a way that given a *-representation T : BH → B(Y )
with integrated form T˜ : C∗(B)→ B(Y ), the *-representation abstractly induced by T
becomes
ΛHB ⊗
T˜
1: B → B(L2H(B)⊗T˜ Y ), b 7→ ΛHBb ⊗T˜ 1.
It is then natural to natural to define the H−cross sectional C*-algebra of B, C∗H(B),
as the image of C∗(B) under the integrated form of ΛHB : C∗(B)→ B(L2H(B)).
As a particular case of the construction above one may consider the trivial bundle
over G with constant fibre C, TG. Then, for every closed subgroup H ⊂ G, the identities
C∗(G) = C∗(TG) C∗r (G) = C∗r (TG) (TG)H = TH
hold either by definition or by construction. It is natural to define C∗H(G) := C
∗
H(TG)
and to say G is H−amenable if the canonical quotient map qGH : C∗(G) → C∗H(G)
is a C*-isomorphism. The induction in stages [10, Theorem 5.9] implies that G is
H−amenable for every closed subgroup H of G if and only if it is {e}−amenable (i.e.
amenable in the usual sense).
A Fell bundle B = {Bt}t∈G is amenable (in Exel-Ng’s sense [6]) if the natural quotient
map qB ≡ Λ˜B : C∗(B) → C∗r (B) is faithful; which is the case if G is amenable. One
may then say B is amenable with respect to the closed subgroup H of G (or just
H−amenable) if the natural quotient map qBH : C∗(B)→ C∗H(B) is a C*-isomorphisms.
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Fell’s induction in stages [7, XI 12.15] then implies that a saturated Fell bundle B =
{Bt}t∈G is H−amenable for every closed subgroup H ⊂ G if and only if it is amenable.
Exel’s version of Fell Absorption Principle (see [5, Section 18] and [6, Corollary
2.15]) states that given a Fell bundle B = {Bt}t∈G, a non degenerate *-representation
T : B → B(Y ) and letting lt : G → B(L2(G)) be the left regular representation; then
the integrated form of the *-representation
T ⊗ lt : G→ B(Y ⊗ L2(G)), (b ∈ Bt) 7→ Tb ⊗ ltt
is weakly contained in the integrated form of ΛB ⊗π 1 = IndBe↑B(π) for some faithful
and non degenerate *-representation π : Be → B(Z) (one may replace “some” with “all”
here). When specialized to B = TG this is Fell’s original statement.
It is interesting to note that if κ : {e} → C is the trivial representation, then lt =
Ind{e}↑G(κ) and L
2(G) = L2e(G) ⊗κ C. One may then replace {e} with any closed
subgroup H ⊂ G and κ with any *-representation V of H in the paragraph above and
ask if the resulting statement holds. Let’s be more precise about this. Take a Fell
bundle B over G, a closed subgroup H ⊂ G, a *-representation T : B → B(Y ) and
a unitary *-representation V : H → B(Z). Let IndGH(V ) : G → B(W ) be the unitary
representation induced by V and T ⊗ IndGH(V ) : B → B(Z ⊗W ) the *-representation
mapping b ∈ Bt to Tb ⊗ IndVH(G)t. The question is whether or not T ⊗ IndGH(V ) is
weakly contained in a set of *-representations induced from BH .
To give a partial answer we consider the regular B(W )−projection-valued Borel mea-
sure on G/H induced by V, which we denote P and is part of a system of imprimitivity
for G (see [7, XI 10 & XI 14.3]). Then 〈T⊗IndGH(V ), 1⊗P 〉 is a system of imprimitivity
for B and, in case B is saturated, we may use Fell’s Imprimitivity Theorem [7, XI 14.18]
to deduce T ⊗ IndGH(V ) is induced from a *-representation of BH . Thus a general form
of Exel’s Absoption Principle holds for saturated Fell bundles.
Things get much more complicated without the saturation hypothesis, mainly be-
cause one has nothing like [7, XI 14.18] in this situation; the closest result being [7, XI
14.17], which is not very helpful as the example given in [7, XI 14.24] shows. We think
the solution to this problem is hiding in the constructions used to prove [6, Corollary
2.15] and it is our intention to reveal it. Once this is solved, one may proceed as
in [5] to prove C∗H(B) is (isomorphic to) a C*-subalgebra of B(C∗(B) ⊗ C∗H(G)) (we
use minimal tensor products here). The inclusion should be given in such a way that
identifying C∗H(G) = C
∗(G) via the canonical quotient map, then C∗(B) = C∗H(B) in
B(C∗(B)⊗ C∗(G)). We will not be able to do this in full generality, but only when H
is normal in G.
The outline of this article is as follows. We start with a section in which we introduce
most of our notation and recall Fell’s definition of positivity of *-representations with
respect to a Banach *-algebraic bundle. The main result of this section states that
if B = {Bt}t∈G is a Fell bundle (saturated or not) and H ⊂ G a closed subgroup,
then any *-representation of BH is B−positive. This answers a question raised by Fell
in [7, XI 11.10] and implies any *-representation of BH can be induced to B. As already
noticed by Fell, the affirmative answer gives a characterization of B−positivity which
is much easier to work with than the original one and (in short) implies there is no loss
in generality if one only considers Fell bundles instead of Banach *-algebraic bundles
when developing a theory of induction of *-representations. We will go that far only in
case we need it, mainly because certain grade of generality will be useful in Section 4.
In Section 2 we construct the Hilbert modules L2H(B) using Fell’s abstract induction
process and the theory of Hilbert modules (as presented in [8]). This way of presenting
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the induction process uses several key facts of [7]. We then prove two results we will
refer to as FExell’s Absoption Principle1, these being the main tools we will use in the
rest of the article. The last part of Section 2 is dedicated to prove *-representation
(on Hilbert modules) of Banach *-algebraic modules can be induced in stages, which
is just an adaptation of [7, XI 12.15].
The third section of the article is dedicated to present and solve some amenability
questions. For example, we will prove that if B = {Bt}t∈G is a Fell bundle and is H ⊂ G
a closed normal subgroup, then B is H−amenable if G is so. Moreover, we will prove
that given a closed normal subgroup K such that H ⊂ K ⊂ G, there exists a canonical
quotient map qBKH : C
∗
K(B) → C∗H(B) and that this map is a C*-isomorphism when-
ever it’s analogue qGKH : C
∗
K(G) → C∗H(G) is a C*-isomorphism. FExell’s Absoption
Principle will be of key importance in this section.
In the final part of this article we prove the Fell bundle version of the well known
fact that given a closed normal subgroup N of G, G is amenable if and only if both N
and G/N are amenable. If now one is given a Fell bundle B over G, then the rôles of
G, N and G/N are played by B, BN and the bundle C*-completion of the partial cross-
sectional bundle over G/N derived from B [7, VIII 6 & 16]. We will also construct other
C*-completions of this last partial cross-sectional bundle and relate it’s reduced cross
sectional C*-algebras to the C*-algebras C∗H(B) for closed normal subgroups H ⊂ N.
1. An addenda to Fell’s book on Banach *-algebraic bundles
Almost all the definitions in this work are taken or adapted from [7]. To start with
we will use the definitions of Banach *-algebraic bundles, C*-algebraic bundles (which
we will call Fell bundles) and *-representations of Banach *-algebraic bundles. We
recall also the definition of strong approximate unit [7, VIII 2.11] and the fact that
every Fell bundle has one [7, VIII 16.3].
When we say B = {Bt}t∈G is a Banach *-algebraic bundle we will be implicitly
assuming G is LCH, and when we say H ⊂ G is a subgroup we will actually mean H
is a closed subgroup of the LCH group G. The unit of any group will be denoted e (or
0 if the group is abelian). Integration with respect to a left invariant Haar measure on
G will be represented by dt or dGt and the modular function of G will be denoted ∆ or
∆G. The letter B will also represent the disjoint union of the family of fibers {Bt}t∈G.
Recall that B itself is a topological space and that the topology of Bt relative to B is
the norm topology of Bt.
Given a Banach *-algebraic bundle B = {Bt}t∈G and an open or closed subset C ⊂ G,
the reduction BC := {Bt}t∈C is a Banach *-algebraic bundle with the topology and
vector space operations inherited from B. If C is a subgroup (and B a Fell bundle),
then BH is a Banach *-algebraic bundle (a Fell bundle, respectively).
The set of continuous cross sections (with compact support) of B will be denoted
C(B) (respectively, Cc(B)). The L1−cross sectional *-algebra of B will be denoted
L1(B), as in [7, VIII 5]. This algebra is the completion of the normed *-algebra Cc(B)
equipped with the norm ‖ ‖1, the convolution product (f, g) 7→ f ∗g and the involution
f 7→ f ∗; which are determined by
‖f‖1 =
∫
G
‖f(t)‖ dt f ∗ g(t) =
∫
G
f(r)g(r−1t) dr f ∗(t) = ∆(t)−1f(t)∗.
1“FExell” is a fusion of “Fell” and “Exel”.
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The (universal) cross sectional C*-algebra of B, denoted C∗(B) and defined in [7,
VIII 17.2], is the enveloping C*-algebra of L1(B) and the canonical morphism of *-
algebras from L1(B) to C∗(B) will be denoted χB : L1(B)→ C∗(B). In case B is a Fell
bundle, χB is injective by [7, VIII 16.4] and we view L1(B) as a dense *-subalgebra of
C∗(B). By [7, VIII 5.11] the existence of a strong approximate unit of B guarantees
the existence of an approximate unit of L1(B).
Given a Banach *-algebraic bundle B = {Bt}t∈G and a subgroup H ⊂ G, the gen-
eralized restriction map p : Cc(B) → Cc(BH) is defined in [7, XI 8.4] and it is given
by
(1.1) p(f)(t) = ∆G(t)
1/2∆H(t)
−1/2f(t), ∀ f ∈ Cc(B), t ∈ H.
A *-representation T : BH → B(Y ) is B−positive in the sense of [7, XI 8] if for
all f ∈ Cc(B) it follows that T˜p(f∗∗f) ≥ 0 in B(Y ); with T˜ : L1(B) → B(Y ) being
the integrated form of T [7, VIII 11]. The C*-integrated form of T is the unique *-
representation χBT : C
∗(B) → B(Y ) such that χBT ◦ χB = T˜ . In case B is a Fell bundle
we think of χBT as an extension of T˜ and just write T˜ instead of χ
B
T .
Notation 1.2. In the paragraph above it is implicit that Y is a Hilbert space and
that we denote B(Y ) the set of bounded linear operators on Y. In forthcoming sections
we will need to use *-representations of Banach *-algebraic bundles by adjointable
operators on (right) Hilbert modules; so it will be convenient to think of Hilbert spaces
as right Hilbert modules over the complex field C. Hence, our inner products (even
those of Hilbert spaces) are assumed to be linear in the second variable and the formulas
from [7] should be modified accordingly. When we say YA−is a Hilbert module we will
be meaning that A is a C*-algebra and that YA is a right A−Hilbert module. The
C*-algebra of adjointable operators on YA will be denoted B(YA).
The goal of the following result is to recall (part of) Fell’s characterization of posi-
tivity [7, XI 8.9] and to answer affirmatively a question raised by him in [7, XI 11.10].
Theorem 1.3. Let B = {Bt}t∈G be a Banach *-algebraic bundle, H ⊂ G a subgroup
and T : BH → B(Y ) a *-representation. Then the following are equivalent:
(1) T is B−positive.
(2) For every coset α ∈ G/H, every positive integer n, all b1, . . . , bn ∈ Bα, and all
ξ1, . . . , ξn ∈ Y, ∑ni,j=1〈ξi, Tb∗i bjξj〉 ≥ 0.
(3) The restriction T |Be : Be → B(Y ) is B−positive, that is to say 〈ξ, Tb∗bξ〉 ≥ 0 for
all b ∈ B and ξ ∈ Y.
Besides, the three conditions above hold if B is a Fell bundle.
Proof. The equivalence between (1) and (2) is part of the content of [7, XI 8.9] and
(2) clearly implies (3). Note also that if B is a Fell bundle then claim (3) does hold
because b∗b ≥ 0 in Be for all b ∈ B and the restriction T |Be is a *-representation of Be.
As indicated by Fell at the end of [7, XI 11.10], to prove our statement it is enough to
show that (2) does hold under the (only) assumption of B being a Fell bundle.
Assume B is a Fell bundle, take a coset α ∈ G/H, b1, . . . , bn ∈ Bα and ξ1, . . . , ξn ∈ Y.
Let t1, . . . , tn ∈ α be such that bj ∈ Btj (for every j = 1, . . . , n,) and set t := (t1, . . . , tn).
Define the matrix space
Mt(B) := {(Mi,j)ni,j=1 : Mi,j ∈ Bt−1i tj , ∀ i, j = 1, . . . , n}
as in [4, Lemma 2.8]. Then Mt(B) is a C*-algebra with usual matrix multiplication as
product and ∗−transpose as involution.
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The matrixM := (b∗i bj)
n
i,j=1 belongs to Mt(B) and, regarding B as a B−B−equivalence
bundle, it follows from the proof of [4, Lemma 2.8] that M is positive in Mt(B). If
N ∈ Mt(B) is the positive square root of M, then all the entries of N belong to BH and
n∑
i,j=1
〈ξi, Tb∗i bjξj〉 =
n∑
i,j,k=1
〈ξi, TNk,i∗Nk,jξj〉 =
n∑
k=1
〈
n∑
i=1
TNk,iξi,
n∑
j=1
TNk,jξj〉 ≥ 0;
proving that T is B−positive. 
In [7, VIII 16] Fell starts with a Banach *-algebraic bundle B = {Bt}t∈G and con-
structs a Fell bundle C = {Ct}t∈G, which he calls the bundle C*-completion of B,
with equivalent representations theories. To put this in precise terms we introduce the
following.
Definition 1.4. We say {ρt}t∈G : {Bt}t∈G → {Ct}t∈G is a morphism of Banach *-
algebraic bundles if
(1) B ≡ {Bt}t∈G and C ≡ {Ct}t∈G are Banach *-algebraic bundles.
(2) ρt : Bt → Ct is a linear function, for all t ∈ G.
(3) The map ρ : B → C, sending b ∈ Bt to ρt(b), is continuous.
(4) There exists M ≥ 0 satisfying ‖ρ(b)‖ ≤M‖b‖ for all b ∈ B.
(5) For all b, c ∈ B it follows that ρ(bc) = ρ(b)ρ(c) and ρ(b∗) = ρ(b)∗.
We call the M of (4) an upper bound for ρ and denote ‖ρ‖ the least upper bound of
ρ. The composition of ρ ≡ {ρt}t∈G with π ≡ {πt}t∈G : {Ct}t∈G → {Dt}t∈G is defined by
π ◦ ρ := {πt ◦ ρt}t∈G : {Bt}t∈G → {Dt}t∈G.
The integrated form of the morphism ρ : B → C is the unique morphism of Banach
*-algebras ρ˜ : L1(B)→ L1(C) such that ρ˜(f) = ρ ◦ f for all f ∈ Cc(B). If T : C → B(Y )
is a *-representation, then so it is T ◦ ρ : B → B(Y ) and (T ◦ ρ)˜ = T˜ ◦ ρ˜. The C*-
integrated form of ρ, χρ : C∗(B) → C∗(C), is the unique morphism of *-algebras such
that χρ ◦ χB = χC ◦ ρ˜.
In this article we think of Banach *-algebras as Banach *-algebraic bundles over
the trivial group {e}. Hence, by the Definition above, morphism between Banach *-
algebras are continuous. Recall that if ρ : B → C is a morphism of *-algebras with B
a Banach *-algebra and C a C*-algebra, then ρ is contractive and so a morphism of
Banach *-algebras. In case the bundle C of Definition 1.4 is a Fell bundle it follows
that ‖ρ‖ ≤ 1 because ρe : Be → Ce is contractive and for all b ∈ B we have ‖ρ(b)‖ =
‖ρ(b∗b)‖1/2 ≤ ‖b∗b‖1/2 ≤ ‖b‖.
Fell constructs the C*-completion C = {Ct}t∈G of B = {Bt}t∈G by considering a
norm ‖ ‖c on the fibers of B. He defines Ct as the norm completion of the quotient of
Bt by {b ∈ Bt : ‖b‖c = 0}. This gives a canonical morphism ρ : B → C which we will
refer to as the canonical morphism; this construction motivates Definition 1.5 below
(which will be used intensively in Section 4).
By a C*-completion of a *-algebra C we mean a morphism of *-algebras ι : B → C
such that C is a C*-algebra and ι(B) is dense in C. If there is no need to specify ι
we just say C is a C*-completion of B. A *-algebra B is called reduced if it has a
C*-completion ι : B → A such that ι is faithful (i.e. ι(b) = 0 implies b = 0). This is
equivalent to say B has a faithful *-representation as bounded operators on a Hilbert
space. We now want to extend these ideas to the realm of Banach *-algebraic bundle.
Definition 1.5 (c.f. [7, XI 12.6]). We say ρ : B → C is a C*-completion (of B = {Bt}t∈G)
if it is a morphism of Banach *-algebraic bundles, C is a Fell bundle and ρ(Bt) is dense
in Ct for all t ∈ G. Given another C*-completion of B, κ : B → D, we say ρ : ι → κ
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is a morphism if ρ : C → D is a morphism of Banach *-algebraic bundles such that
ρ ◦ ι = κ. The composition of morphism is the composition of functions (and this
defines isomorphisms).
Remark 1.6. Given a C*-completion ρ : B → C, the set of sections ρ˜(Cc(B)) is pointwise
dense in the sense that {f(t) : f ∈ ρ˜(Cc(B))} is dense in Ct, for all t ∈ G. Besides,
C(G)Γ ⊂ Γ and by [7, II 14.6] these properties imply ρ˜(Cc(B)) is dense in Cc(C) in the
inductive limit topology.
We now present a Banach *-algebraic bundle whose unit fibre is a C*-algebra but
it’s only C*-completion is the zero (or null) one.
Example 1.7. Let B = C × Z2 be the trivial bundle with constant fiber C over the
additive group Z2 = {0, 1}. Define the involution by (λ, r)∗ := (λ, r) and the product
(λ, r)(µ, s) =
(λµ, r + s) if r 6= 1 or s 6= 1,(−λµ, 0) if r = s = 1.
If ρ : B → C is a C*-completion, then either ρ0 : Be → C0 is a *-isomorphism or either
C0 = {0}. The first case is excluded because (−1, 0) = (1, 1)∗(1, 1) is negative in B0,
so we must have C0 = {0} and this forces C1 = {0}. It is interesting to notice that the
norm of B satisfies ‖b∗b‖ = ‖b‖2, but B is not a Fell bundle.
The construction of the bundle C*-completion C of the Banach *-algebraic bundle B
is performed in such a way that if ρ : B → C is the canonical morphism, then for any
*-representation T : B → B(Y ) there exists a unique *-representation T ρ : C → B(Y )
such that T ρ ◦ ρ = T. We now extend this property to B−positive *-representations of
reductions of B to subgroups.
Proposition 1.8. Let B = {Bt}t∈G be a Banach *-algebraic bundle, H ⊂ G a subgroup,
C the bundle C*-completion of B and ρ : B → C the canonical morphism. Then for
every B−positive *-representation T : BH → B(Y ) there exists a unique *-representation
T ρ : CH → B(Y ) such that T ρ◦ρ = T. Reciprocally, for every *-representation S : CH →
B(Z) the composition T := S ◦ (ρ|BH ) : BH → B(Z) is a B−positive *-representation
and T ρ = S.
Proof. Let T : BH → B(Y ) be a B−positive *-representation and denote Y T the es-
sential space of T, i.e. the closed linear span of {Tbξ : b ∈ B, ξ ∈ Y }. Then the *-
representation T ′ : BH → B(Y T ) given by T ′bξ = Tbξ is non degenerate and ‖T ′b‖ = ‖Tb‖
for all b ∈ B. By [7, XI 11.3] there exists a *-representation T ′′ : B → B(W ) such that
‖T ′b‖ ≤ ‖T ′′b ‖ for all b ∈ Be. Thus the construction above and the construction of the
bundle C*-completion of B imply that for all b ∈ B, ‖Tb‖ = ‖T ′b∗b‖1/2 ≤ ‖T ′′b∗b‖1/2 =
‖T ′′b ‖ = ‖T ′′ρρ(b)‖ ≤ ρ(b). Hence, the construction of C implies the existence of a unique
*-representation T ρ : CH → B(Y ) such that T ρρ(b) = Tb for all b ∈ BH . We suggest to
consult [7, VIII 16] to see how Fell shows this last claim when G = H. Uniqueness of
S follows from property (1) of ρ : B → C.
Now take a *-representation S : CH → B(Z). Then Sc ≥ 0 for all positive c ∈ Ce and,
since ρ(b∗b) = ρ(b)∗ρ(b) ∈ C+e for all b ∈ B, we get that S ◦ ρ(b∗b) ≥ 0 for all b ∈ B.
This implies T : BH → B(Z), b 7→ Sρ(b), is B−positive and Tb = Sρ(b) = T ρρ(b) for all
b ∈ BH . Thus property (1) implies T ρ = S. 
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2. Induction of *-representations
Proposition 1.8 reveals that if one is only interested in studding the representation
theory of a Banach *-algebraic bundle, then one is allowed to work with the bundle C*-
completion instead. One can do so even when working with induced representations [7,
XI 12.6]. But the theory works nicely enough if we only assume the existence of strong
approximate units. Thus from now on we adopt the following conventions,
which we will refer to as “conventions (C)” or just “(C)”:
(C1) By a group we mean a LCH topological group and by a (normal) subgroup we
mean a (normal and) closed subgroup.
(C2) When we say “B is a Banach *-algebraic bundle” we actually mean that “B is a
Banach *-algebraic bundle over a (LCH topological) group and B has a strong
approximate unit”.
Any other hypothesis will be stated explicitly.
2.1. Integration and disintegration of *-representations. We now adapt Fell’s
integration and disintegration theory [7, VIII] to representations on Hilbert modules.
Definition 2.1. A *-representation of the Banach *-algebraic bundle B on the right
A−Hilbert module YA is a function T : B → B(YA) which is linear when restricted
to any fibre; is multiplicative (Tab = TaTb); preserves the involution (Ta∗ = Ta
∗) and,
for all ξ, η ∈ YA, the function B → A, b 7→ 〈Tbξ, η〉, is continuous. We say T is non
degenerate if the essential space of T, defined as Y TA := span{Tbξ : b ∈ B, ξ ∈ YA},
equals YA. A vector ξ is cyclic for T if YA = span{Tbξ : b ∈ B}.
By Cohen-Hewitt’s Theorem [7, V 9] and (C) we have Y TA = {Tbξ : b ∈ Be, ξ ∈ YA}.
The essential space is then a closed A−submodule of YA. By the essential part of T
we mean the *-representation T ′ : B → B(Y TA ) such that T ′bξ = Tbξ for all b ∈ B and
ξ ∈ YA. Note T ′ is non degenerate.
Notation 2.2. When we say T : B → B(Y ) is a *-representation we will be meaning
that Y = YC is a Hilbert space. For general *-representations on Hilbert modules we
will write T : B → B(YA). The only exception of this rule being the case when it is clear
from the context that Y = A is a C*-algebra regarded as a right A−Hilbert module.
Given any *-representation T : B → B(YA), the restriction T |Be : Be → B(YA) is
contractive. Then for all b ∈ B we have
‖Tb‖ = ‖Tb∗b‖1/2 ≤ ‖b∗b‖1/2 ≤ ‖b‖.
Note also that given any ξ ∈ YA we have
lim
a→b
‖Taξ − Tbξ‖2 = lim
a→b
‖〈Ta∗aξ, ξ〉+ 〈Tb∗bξ, ξ〉 − 〈Tb∗aξ, ξ〉 − 〈Ta∗bξ, ξ〉‖ = 0.
Thus the function B → YA, b 7→ Tbξ, is continuous and given f ∈ Cc(B) it makes sense
to define a function
T˜f : YA → YA, T˜fξ :=
∫
G
Tf(t)ξ dt.
Moreover,
(2.3) ‖T˜fξ‖ ≤
∫
G
‖Tf(t)‖‖ξ‖ dt = ‖f‖1‖ξ‖
for every f ∈ Cc(B) and ξ ∈ YA.
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Proposition 2.4. For every *-representation T : B → B(YA) there exists a unique
*-representation T˜ : L1(B) → B(YA) such that for all f ∈ Cc(B) and η ∈ YA, T˜fξ =∫
G Tf(t)ξ dt. Moreover, the essential spaces of T and T˜ agree and ξ ∈ YA is cyclic for T
if and only if it is cyclic for T˜ .
Proof. The comments preceding the statement imply T is a Banach representation in
the sense of [7, VIII 8.2], then it is integrable (in the sense of [7, VIII 11.2]) to a
representation of T˜ of Cc(B) by [7, VIII 11.3]. Then we can adapt the proof of [7, VIII
11.4] to show that T˜ : Cc(B)→ B(YA) is a *-representation, which is contractive by (2.3).
Thus T˜ : Cc(B) → B(YA) admits a unique continuous extension T˜ : L1(B) → B(YA),
which is also a *-representation.
The claim about non degeneracy can be proved as in [7, 11.10], which amounts to
show that for any b ∈ B, f ∈ Cc(B) and ξ ∈ YA it follows that Tbξ ∈ span{T˜gξ : g ∈
Cc(B)} and that T˜fξ ∈ span{Tcξ : c ∈ B}, for every ξ ∈ YA, b ∈ B and f ∈ Cc(B). 
Definition 2.5. The L1−integrated form of the *-representation T : B → B(YA) is the
*-representation T˜ : L1(B)→ B(YA) given by the Proposition above. The C*-integrated
form of T is the unique *-representation χBT : C
∗(B) → B(YA) such that χBT ◦ χB = T˜ .
If it is convenient to do so, we will write T ˜ instead of T˜ .
Remark 2.6. If T : B → B(YA) and π : A → B(ZC) are *-representations and we form
the π−balanced tensor product YA ⊗π ZC , then there exists a unique *-representation
T ⊗π 1: B → B(YA ⊗π ZC) such that (T ⊗π 1)a(ξ ⊗π η) = (Taξ)⊗π η. The integrated
form of T ⊗π 1 is (T ⊗π 1)˜ = T˜ ⊗π 1.
To disintegrate *-representations on Hilbert modules we adapt the ideas of [7, VIII
13.2]. The key to do this is the following extension of [7, VI 19.11].
Proposition 2.7. Let B be a Banach *-algebra, I a (not necessarily closed) *-ideal
of B, YA a Hilbert module and π : I → B(YA) a *-representation (i.e. a morphism of
*-algebras). Then π is contractive with respect to the norm of I inherited from B. If π
is non degenerate, that is to say YA = span{π(b)ξ : b ∈ I, ξ ∈ YA}, then it admits a
unique extension π′ to a *-representation of B. In case A = C and π is degenerate, it
also admits an extension to a *-representation of B.
Proof. Given a ∈ I, ξ ∈ YA and a state ϕ ofA define p : B → C by p(b) = ϕ(〈π(aba∗)ξ, ξ〉).
Then p is positive in the sense of [7, VI 18] and, by [7, VI 18.14], it satisfies p(b∗cb) ≤
‖c‖p(b∗b) for all c ∈ B and b ∈ I. Thus we obtain, for all c, b ∈ I
(2.8) ϕ(〈π(c)π(b)π(a)ξ, π(b)π(a)ξ〉) ≤ ‖c‖ϕ(〈π(b)π(a)ξ, π(b)π(a)ξ〉).
The closure of π(I) is a C*-subalgebra of B(YA), so there exists a net {bi}j∈J ⊂ I of
self adjoint elements such that {π(bi)}i∈I is bounded and limi π(c)π(bi) = limi π(bi)π(c) =
π(c) for all c ∈ I. Putting c = aa∗ and b = bi in (2.8) and taking limit we obtain that
‖aa∗‖π(aa∗)− π(aa∗)2 ≥ 0 ⇒ ‖aa∗‖‖π(a)‖2 ≥ ‖π(a)‖4 ⇒ ‖aa∗‖1/2 ≥ ‖π(a)‖
for all a ∈ I. Then π is bounded because ‖aa∗‖1/2 ≤ ‖a‖ for all a ∈ I.
Assume π is non degenerate. In such a case the uniqueness of π′ is immediate and, as
in [7, VI 19.11], it’s existence is equivalent to the fact that given a ∈ B, b1, . . . , bn ∈ I
and ξi, . . . , ξn ∈ YA it follows that
(2.9) ‖
n∑
j=1
π(abj)ξj‖ ≤ ‖a‖‖
n∑
j=1
π(bj)ξj‖.
10 DAMIÁN FERRARO
To prove the identity above take a faithful and non degenerate *-representation
ρ : A → B(Z), form the tensor product Y ⊗ρ Z; and consider the *-representation
π ⊗ρ 1: I → B(Y ⊗ρ Z) such that (π ⊗ρ 1)b(ξ ⊗ ξ) = π(b)ξ ⊗ ξ. Then π ⊗ρ 1 is non
degenerate and admits a unique extension (π ⊗ρ 1)′ : B → B(Y ⊗ρ Z) by [7, VI 19.11].
If given a ∈ B, b1, . . . , bn ∈ I, ξi, . . . , ξn ∈ YA and ξ ∈ Z we set u := ∑nj=1 π(bj)ξj
and v :=
∑n
j=1 π(abj)ξj, then we have
〈ξ, ρ(〈v, v〉A)ξ〉 = 〈v ⊗ ξ, v ⊗ ξ〉 = ‖(π ⊗ 1)(a)(u⊗ ξ)‖2 ≤ ‖a‖2‖u⊗ ξ‖2
≤ ‖a‖2〈ξ, ρ(〈u, u〉A)ξ〉.
This implies 〈v, v〉A ≤ ‖a‖2〈u, u〉A and (2.9) follows (taking norms and square roots).
In case A = C and π is non degenerate we may consider the essential space Yπ :=
spanπ(I)Y of π and consider the extension π′ : B → B(Yπ) ⊂ B(Y ) of π : I → B(Yπ) as
a *-representation of B on B(Y ). 
Proposition 2.10. Let B be a Banach *-algebraic bundle. Then for every non degen-
erate *-representation π : L1(B)→ B(YA) there exists a unique non degenerate *-repre-
sentation T : B → B(YA) such that π = T˜ .
Proof. Follow the ideas of [7, VI 19.11] noticing that π can be extended to the bounded
multiplier algebra of L1(B) by Proposition 2.7. 
2.2. Positive *-representations and induction. Fell’s induction process of repre-
sentations [7, XI] is intimately related to the notion of positivity of *-representations.
To extend this process to *-representations on Hilbert modules one needs to choose
whether to extend Fell’s “concrete” or “abstract” induction processes (see [7, XI 9.26]).
The two approaches are equivalent for *-representations on Hilbert spaces, the main
difference being the machinery required to develop each one of them. The concrete
approach uses Hilbert spaces and is appropriate when fine surgery is required. Mean-
while, the abstract approach uses (the nowadays well known theory of) Hilbert modules
and induction of *-representations; this being the main reason why we have decided
to adopt the abstract approach. This being said, we will not hesitate on changing to
the concrete approach when necessary or to use Fell’s profound understanding of the
(concrete) induction process.
Let B = {Bt}t∈G be a Banach *-algebraic bundle and H a subgroup of G. In order to
induce *-representations from BH to B, Fell equips Cc(B) with a right Cc(BH)−module
structure and a kind of Cc(BH)−valued conditional expectation.
The action of u ∈ Cc(BH) on f ∈ Cc(B) (on the right) produces the element fu ∈
Cc(B) determined by
(2.11) (fu)(t) =
∫
H
f(ts)u(s−1)∆G(s)
1/2∆H(s)
−1/2 ds, t ∈ G.
The generalized restriction map p : Cc(B)→ Cc(BH) is that of (1.1). If, for notational
convenience, it is necessary to specify the groups G and H, we will denote pGH the
generalized restriction map from Cc(B) to Cc(BH).
Remark 2.12. If H is normal in G then ∆H is the restriction of ∆G and p is exactly
the restriction map. In particular, if H = {e} then p(f) = f(e).
The fundamental properties of p and the action of Cc(BH) on Cc(B) are the following
(see [7, XI 8.4]):
p(f)∗ = p(f ∗) p(f) ∗ u = p(fu) (f ∗ g)u = f ∗ (gu) f(u ∗ v) = (fu)v(2.13)
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where the identities above hold for all f, g ∈ Cc(B) and u, v ∈ Cc(BH).
The following is the natural extension of Fell’s definition of positivity [7, XI 8].
Definition 2.14. A *-representation T : BH → B(YA) is B−positive if 〈ξ, T˜p(f∗∗f)ξ〉 ≥ 0
for all ξ ∈ YA and f ∈ Cc(B).
Two straightforward remarks are in order. Firstly, conventions (C) imply a *-
representation T of BH is B−positive if and only if the essential part of T is B−positive.
Secondly, if H = G then p(f) = f and 〈ξ, T˜p(f∗∗f)ξ〉 = 〈T˜fξ, T˜fξ〉 ≥ 0; proving that
every *-representation of BG ≡ B is B−positive.
Theorem 2.15. Let B = {Bt}t∈G be a Banach *-algebraic bundle, H ⊂ G a subgroup,
T : BH → B(YA) a *-representation and π : A → B(Z) a *-representation. Consider
the following claims
(1) T is B−positive.
(2) For every coset α ∈ G/H, every positive integer n, all b1, . . . , bn ∈ Bα, and all
ξ1, . . . , ξn ∈ YA, ∑ni,j=1〈ξi, Tb∗i bjξj〉 ≥ 0.
(3) The restriction T |Be : Be → B(YA) is B−positive, that is to say 〈ξ, Tb∗bξ〉 ≥ 0
for all b ∈ B and ξ ∈ YA.
(4) The *-representation T ⊗π 1: BH → B(YA ⊗π Z) of Remark 2.6 is B−positive
(and, consequently, this claim can be replaced with any of the equivalent ones
for T ⊗π 1 given by Theorem 1.3).
Then the first three are equivalent and imply the fourth, the converse holds if π is
faithful. All the claims hold if B is a Fell bundle.
Proof. Let ρ : B(YA)→ B(YA ⊗π Z) be the *-representation such that ρ(M)(ξ ⊗π η) =
Mξ⊗π η. Then ρ ◦ T = T ⊗π 1 and ρ ◦ T˜ = T˜ ⊗π 1 = (T ⊗π 1)˜ by Remark 2.6. Since ρ
maps the positive cone of B(YA), B(YA)
+, into B(YA⊗π Z)+, it follows that (1) implies
(4). In case π is faithful then so it is ρ and B(YA)
+ = ρ−1(B(YA ⊗π Z)+). Hence, (4)
implies (1) in case π is faithful. All we need to do now is to prove claims (1) to (3) are
equivalent, and to do this we may assume π is faithful.
Clearly, (1) and (4) are equivalent and (2) implies (3). By Theorem 1.3, (4) is
equivalent to say ρ ◦ T |Be = T ⊗π 1|Be is B−positive, meaning that T |Be is B−positive
(this is claim (3)) because ρ is faithful. At this point we know (1), (3) and (4) are
equivalent and we only need to prove they imply (2).
Assume (4) holds and take α ∈ G/H, n, b1, . . . , bn ∈ Bα and ξ1, . . . , ξn ∈ YA as in
(2). To prove that
∑n
i,j=1〈ξi, Tb∗i bjξj〉 ≥ 0 is suffices to show that
〈η, ρ(
n∑
i,j=1
〈ξi, Tb∗i bjξj〉)η〉 ≥ 0
for all η ∈ Z. Given any η ∈ Z we have, by Theorem 1.3,
〈η, ρ(
n∑
i,j=1
〈ξi, Tb∗i bjξj〉)η〉 =
n∑
i,j=1
〈ξi ⊗π η, (T ⊗π 1)b∗i bj (ξj ⊗π η)〉 ≥ 0.
This shows (2). 
In the theorem below we prove the existence of a universal C*-algebra for the
B−positive *-representations of BH . It will turn out to be the quotient of C∗(BH)
by the C*-ideal generated by the kernel of the integrated forms of all the B−positive
*-representations of BH . Well, this is in fact an alternative definition of the C*-algebra
C∗(B+H) we construct below.
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Theorem 2.16. Let B = {Bt}t∈G be a Banach *-algebraic bundle and H a subgroup
of G. Then there exists a C*-completion πC : L1(BH)→ C such that
(1) For every f ∈ Cc(B), πC(p(f ∗ ∗ f)) ≥ 0.
(2) Given any B−positive and non degenerate *-representation T : BH → B(Y ),
there exists a *-representation πCT : C → B(Y ) such that πCT ◦ πC = T˜ .
Moreover,
(i) Given any two C*-completions πC : L1(BH) → C and πD : L1(BH) → D (both)
satisfying conditions (1) and (2), there exists a unique C*-isomorphism Φ: C →
D such that Φ ◦ π = κ.
(ii) The map πCT in claim (2) is unique and, even with this addition, (2) holds even
if T is a (possibly degenerate) *-representation on a Hilbert module.
(iii) A *-representation T : BH → B(YA) is B−positive if and only if there exists a
morphism of *-algebras πCT : C → B(YA) such that πCT ◦ πC = T˜ .
(iv) Given a non degenerate *-representation µ : C → B(YA) there exists a unique
B−positive *-representation T : BH → B(YA) such that µ = πCT .
Proof. Let C be the bundle C*-completion of B and ρ : B → C the canonical morphism.
Set C := C∗(CH) and let πC : L1(B)→ C∗(CH) the composition of the integrated form
of ρH : BH → CH , b 7→ ρ(b), with the inclusion L1(CH) →֒ C∗(CH).
Take a B−positive (and possibly degenerate) *-representation T : BH → B(YA) and
let π : A → B(Z) be a faithful and non degenerate *-representation. Then T ⊗π 1 is
B−positive by Theorem 2.15 and, by Proposition 1.8, it follows that
‖Tb‖ = ‖(T ⊗π 1)b‖ ≤ ‖ρ(b)‖
for all b ∈ BH . By repeating the proof of Proposition 1.8 we can produce a non degen-
erate *-representation T ′ : CH → B(YA) such that T ′ ◦ ρH = T. If πCT : C∗(CH) → B(Y )
is the C*-integrated form of T ′, then the identity πCT ◦ πC = T˜ follows by construction.
Let µ : C∗(CH) → B(Z) be a non degenerate *-representation. Then µ|L1(CH ) is the
integrated form of a unique *-representation S : CH → B(Z). If we set T := S ◦ρH , then
S = T ′ and it follows that πCT = µ. At this point it is convenient to denote the gener-
alized restrictions maps for B and C with different letters, so we write pBH : Cc(B) →
Cc(BH) instead of pGH , and proceed analogously with C. We have
µ(πC(pBH(f
∗ ∗ f))) = S˜pC
H
((ρ◦f)∗∗(ρ◦f)) ≥ 0
for all f ∈ Cc(B). Since µ can be arranged to be faithful, it follows that πC(pBH(f ∗∗f)) ≥
0 for all f ∈ Cc(B).
We have managed to produce a C*-completion πC : L1(BH)→ C for which claims (1),
(2), (ii) and (iv) hold. Assume we are given another C*-completion πD : L1(BH)→ D
satisfying (1) and (2) and let µ, S and T be as before, with the additional requirement
of µ being faithful. Then there exists a *-representation πDT : D → B(Z) such that
πDT ◦ πD = T˜ . Note πDT (D) = πDT ◦ πD(L1(BH)) = µ(C), then there exists a unique
morphism of C*-algebras Ψ: D → C such that µ ◦Ψ = πDT . Moreover, µ(Ψ ◦ πD(f)) =
T˜f = π
C
T (π
C(f)) = µ(πC(f)) for all f ∈ L1(BH). Thus Ψ ◦ πD = πC and it follows
that Ψ is surjective. In order to prove that Ψ is faithful, take a non degenerate and
faithful *-representation ν : D → B(W ). Then ν ◦πD is the integrated form of a unique
non degenerate *-representation R : BH → B(W ), which turns out to be B−positive by
condition (1). So πCR ◦Ψ ◦ πD = πCR ◦ πC = R˜ = ν ◦ πD and it follows that πCR ◦Ψ = ν.
Consequently, the condition Ψ(x) = 0 implies ν(x) = 0 and this forces x = 0; proving
that Ψ is a C*-isomorphism. The C*-isomorphism of claim (i) is Ψ−1.
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Assume we are given a *-representation T : BH → B(YA) for which there exists a
*-representation κ : C → B(YA) such that κ ◦ πC = T˜ . Then condition (1) implies, for
all η ∈ YA and f ∈ Cc(B), that
〈η, T˜p(f∗∗f)η〉 = 〈η, κ ◦ πC (p(f ∗ ∗ f))) η〉 ≥ 0.
Hence T is B−positive. This implies (iii). 
Definition 2.17. Given a Banach *-algebraic bundle B over G and a subgroup H
of G, the B+−completion of L1(BH) is the C*-algebra C = C∗(CH) we constructed
in the proof of Theorem 2.16 and χB
+
H : L1(BH) → C∗(B+H) is just πC : L1(BH) → C.
The algebra C∗(B+H) will be called the B+−cross sectional C*-algebra of BH . The map
χ
BH
+ : C
∗(BH)→ C∗(B+H) is, by definition, the unique morphism of *-algebras such that
χ
BH
+ ◦ χBH = χB+H .
If the bundle B in the definition above is a Fell bundle, then the identity C∗(B+H) =
C∗(BH) holds by construction and by the fact that every Fell bundle is it’s own bundle
C*-completion [7, VIII 16.10].
Most of the time we will think of C∗(B+H) as an universal object and not as the
concrete C*-algebra we constructed. Consequently, any time we know χBH+ is faithful
we will identify C∗(BH) with C∗(B+H).
Corollary 2.18. In the conditions of the Definition above and of Theorem 2.16 the
following are equivalent:
(1) χBH+ is faithful, and hence a C*-isomorphism, between C
∗(BH) and C∗(B+H).
(2) Every *-representation of BH is B−positive.
(3) Every cyclic *-representation of BH on a Hilbert space is B−positive.
In particular, C∗(B) = C∗(B+G). In case B is a Fell bundle all the equivalent conditions
above hold.
Proof. Is left to the reader. 
To describe the induction process in terms of Hilbert modules we construct “the
inducing” module for the B−positive *-representations. Let B = {Bt}t∈G be a Banach
*-algebraic bundle and H a subgroup of G. Consider the B+−completion of L1(BH),
χ
B+H : L1(BH) → C∗(B+H), and define the *-algebra C0 := χB
+
H (Cc(BH)), which is dense
in C∗(B+H).
We consider Cc(B) with the action of Cc(BH) on the left given by (2.11) and define
the C0−valued sesquilinear form
(2.19) Cc(B)× Cc(B)→ C0, (f, g) 7→ [f, g]p := χB+H (p(f ∗ ∗ g)).
This form is linear in the second variable, positive semidefinite and [f, g]∗p = [g, f ]
∗
p.
Given any state ϕ of C∗(B+H) the function Cc(B) × Cc(B) → C, (f, g) 7→ ϕ([f, g]p), is
a pre-inner product. It then follows that
|ϕ([f, g]p)| ≤ ϕ([f, f ]p)1/2ϕ([g, g]p)1/2.
Note this implies [f, g]p = 0 for all g ∈ Cc(B) if and only if [f, f ]p = 0.
Define I := {f ∈ Cc(B) : [f, f ]p = 0} and note the quotient space Cc(B)/I has a
unique C0−valued sesquilinear form
(Cc(B)/I)× (Cc(B)/I)→ C0, (f + I, g + I) 7→ 〈f + I, g + I〉p := [f, g]p,
which is linear in the second variable, positive definite and satisfies 〈f + I, g + I〉∗p =
〈g + I, f + I〉p.
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If we are given f ∈ Cc(B) and u ∈ Cc(BH), then
0 ≤ [fu, fu]p = χB+H (u)∗[f, f ]pχB+H (u) ≤ ‖[f, f ]p‖χB+H (u)∗χB+H (u).
In particular fu ∈ I if either f ∈ I or χB+H (u) = 0. It then follows that there exists a
unique left action of C0 on Cc(B)/I
(Cc(B)/I)× C0 → Cc(B)/I, (f + I, c) 7→ (f + I)c,
such that (f + I)χB
+
H (u) = fu+ I.
Definition 2.20. The C∗(B+H)−Hilbert module obtained by completing Cc(B)/I (as
indicated in [8, Lemma 2.16]) with respect to the C0−valued inner product described
above will be dented L2H(B). It’s inner product will be denoted 〈 , 〉p.
Remark 2.21. The map ι : Cc(B) → L2H(B), f 7→ f + I, is linear, continuous in the
inductive limit topology and has dense range. Indeed, the linearity and density claims
follow immediately by construction. To prove the continuity claim fix a compact set
D ⊂ G and take f ∈ Cc(B) with support contained in D. Let αD be the measure of D
in G; βD the measure of (D
−1D) ∩ H in H and γD := max{∆H(s)1/2∆H(s)−1/2 : s ∈
(D−1D) ∩H}. Then
‖f + I‖ = ‖χB+H (p(f ∗ ∗ f))‖1/2 ≤ ‖p(f ∗ ∗ f)‖1/21
≤
(∫
H
∆H(s)
1/2∆H(s)
−1/2
∫
G
‖f(r)‖‖f(rs)‖ dGr dHs
)1/2
≤ (αDβDγD)1/2‖f‖∞.
Thus ι is continuous in the inductive limit topology by [7, II 14.3].
Remark 2.22. If B is a Fell bundle, then the C*-completion χB+H : L1(BH)→ C∗(B+H) ≡
C∗(BH) is faithful and the condition p(f ∗∗f) = 0 implies ∫G f(t)∗f(t) dt = p(f ∗∗f)(e) =
0. Thus f ∈ I if and only if [f, f ]p = 0. Hence, the quotient Cc(B)/I is Cc(B) and L2H(B)
is a completion of Cc(B).
Example 2.23. If B is a Fell bundle and H = {e}, then BH = Be and the generalized
restriction map p : Cc(B) → Be is just the evaluation map f 7→ f(e). It then follows
that for all f, g ∈ Cc(B) we have [f, g]p = (f ∗ ∗ g)(e) = ∫G f(t)∗g(t) dt. This is exactly
the Be−valued inner product used by Exel and Ng in [6, Lemma 2.1] to construct the
Be−Hilbert module L2e(B), so L2e(B) = L2{e}(B).
Example 2.24. If B is again a Fell bundle over G and H = G, then C∗(B+G) = C∗(B)
and L2G(B) is the C*-algebra C∗(B) regarded as a right C∗(B)−Hilbert module.
Remark 2.25. Our conventions (C) imply L2H(B) is C∗(B+H)−full. To prove this take
any f ∈ Cc(BH). By [7, II 14.8] there exists g ∈ Cc(B) such that p(g) = f. Now take
the approximate unit {hλ}λ∈Λ ⊂ Cc(B) of L1(B) constructed in [7, VIII 5.11]. Then
{hλ ∗ g}λ∈Λ converges to g in the inductive limit topology of Cc(B) and, since p is
continuous with respect to this topology, the net {p(hλ ∗ g)}λ∈Λ converges to p(g) = f
in the inductive limit topology. It thus follows that {〈h∗λ + I, g〉p}λ∈Λ converges to
χ
B+H (f), implying that L2H(B) is full.
We want a *-representation ρ : L1(B)→ B(L2H(B)) such that ρ(f)(g+I) = f∗g+I for
all f, g ∈ Cc(B). IfH = {e} and B is Fell bundle, the existence of such a *-representation
is guaranteed by [6, Proposition 2.6]. If now H is the whole group G and B is still a Fell
bundle, then ρ is just the natural inclusion of L1(B) in C∗(B) ⊂ B(C∗(B)) = B(L2G(B)).
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One can then suspect the “disintegrated form” of ρ has something to do with the
disintegrations of *-representations of L1(B) and may consult [7] to get the formula for
the disintegrated form of ρ, those formulas being expressions (10) and (11) in [7, VIII
5.8]. So we define, for every r ∈ G, b ∈ Br and f ∈ Cc(B); the function bf ∈ Cc(B)
by (bf)(s) := bf(r−1s). Then B × Cc(B)→ Cc(B), (b, f) 7→ bf, is a multiplicative and
associative action of B on Cc(B) with the additional property that (bf)∗∗g = f ∗∗(b∗g).
Moreover, for any fixed f ∈ Cc(B) the function B → Cc(B), b 7→ bf, is continuous in
the inductive limit topology.
Proposition 2.26. Let B = {Bt}t∈G be a Banach *-algebraic bundle, H a subgroup of
G and χB
+
H : L1(BH)→ C∗(B+H) the B+−completion of L1(BH). Construct the C∗(B+H)−Hilbert
module L2H(B) as explained before. Then there exists a unique *-representation ΛHB : B →
B(L2H(B)) such that ΛHBb (f + I) = bf + I for all b ∈ B and f ∈ Cc(B). Moreover,
(1) ΛHB is non degenerate, and so it is it’s integrated form.
(2) The integrated form Λ˜HB : L1(B)→ B(L2H(B)) is the unique *-representation of
L1(B) such that Λ˜HBf (g + I) = f ∗ g + I, for all f, g ∈ Cc(B).
Proof. Uniqueness follows immediately. To prove existence take f ∈ Cc(B) and a state
ϕ of C∗(B+H). Let π : C∗(B+H)→ B(Y ) be the GNS construction for ϕ, with cyclic vector
ξ or norm one. There exists a unique non degenerate *-representation T : BH → B(Y )
such that π ◦ χB+H = T˜ , this representation is B−positive by Theorem 2.16. The
functional µ : Be → C given by µ(b) := ϕ ◦ χB+H ◦ p(f ∗ ∗ (bf)) is positive because for
all b ∈ B we have µ(b∗b) = 〈ξ, T˜ ϕp((fb)∗∗(bf))ξ〉 ≥ 0. Using [7, VI 18.14] we deduce that
|µ(b∗ab)| ≤ ‖a‖µ(b∗b) for all a, b ∈ Be. Hence, for all b ∈ Be, a ∈ B, f ∈ Cc(B) and
every state ϕ of C∗(B+H) we have
(2.27) 0 ≤ ϕ ◦ χB+H ◦ p((abf)∗ ∗ (abf)) ≤ ‖a‖2ϕ ◦ χB+H ◦ p((bf)∗ ∗ (bf)).
Let {ui}i∈I be a strong approximate unit of B. Then the net {f ∗ ∗ (u∗iuif)}i∈I =
{(uif)∗ ∗ (uif)}i∈I converges in the inductive limit to f ∗ ∗ f. On the other hand,
p : Cc(B)→ Cc(BH) is continuous in the inductive limit topology. Thus
lim
i
‖a‖2ϕ ◦ χB+H ◦ p((fui)∗ ∗ (fui)) = ‖a‖2ϕ ◦ χB+H ◦ p(f ∗ ∗ f).
A similar argument implies that
lim
λ
ϕ ◦ χB+H ◦ p((aeλf)∗ ∗ (aeλf)) = ϕ ◦ χB+H ◦ p((af)∗ ∗ (af)).
Then by (2.27),
(2.28) 0 ≤ 〈af + I, af + I〉p ≤ ‖a‖2〈f + I, f + I〉p
for all f ∈ Cc(B) and a ∈ B.
By (2.27) above, for every a ∈ B there exists a unique linear and bounded map
ΛHBa : L
2
H(B)→ L2H(B) such that ΛHBa (f + I) = af + I. Note that
〈ΛHBa (f + I), g + I〉p = χB
+
H (p((af)∗ ∗ g)) = χB+H (p(f ∗ ∗ (ag))) = 〈f + I,ΛHBa∗ (g + I)〉p;
so it follows that ΛHBa is adjointable with adjoint Λ
HB
a∗ .
Define ΛHB : B → B(L2H(B)) by a 7→ ΛHBa . It is straightforward to verify that ΛHB
is multiplicative and linear on each fibre, and we showed ΛHB preserves the involution.
Note that, given f, g ∈ Cc(B), the function a 7→ 〈ΛHBa (f+I), g+I〉p = χB
+
H (p((af)∗∗g))
is continuous because the function B → Cc(BH) given by a 7→ p((af)∗∗g) is continuous
in the inductive limit topology. Since Cc(B)/I is dense in L2H(B), it follows that ΛHB
is a *-representation such that ΛHBa (f + I) = af + I.
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Given any f ∈ Cc(B), if {ui}i∈I is a strong approximate unit of B then
lim
λ
‖ΛHBui (f + I)− (f + I)‖2 = limλ ‖χ
B+
H (p((uif − f)∗ ∗ (uif − f)‖ = 0
because {(uif − f)∗ ∗ (uif − f)}i∈I converges to 0 in the inductive limit topology of
Cc(B). This, together with Proposition 2.4, implies both ΛHB and it’s integrated form
are non degenerate.
To prove claim (2) take f, g, h ∈ Cc(B). The function G→ Cc(B), t 7→ h∗ ∗ (g(t)f),
has compact support and is continuous in the inductive limit topology. Moreover,
there exists a compact set U ⊂ G such that supp(h∗ ∗ (g(t)f)) ⊂ U for all t ∈ G
and the integral
∫
G h
∗ ∗ (g(t)f) dt makes sense in Cc(B) with respect to the inductive
limit topology. In fact the integral
∫
G g(t)f dt also makes sense in this topology and∫
G h
∗∗(g(t)f) dt = h∗ ∗∫G g(t)f dt. The construction of the product of Cc(B) performed
in [7] implies
∫
G g(t)f dt = g ∗ f. After this we can deduce that
〈h+ I, Λ˜HBg (f + I)〉p =
∫
G
〈h+ I, g(t)f + I〉p dt = χB+H
(
p
(∫
G
h∗ ∗ (g(t)f) dt
))
= χB
+
H (p (h∗ ∗ (g ∗ f))) = 〈h+ I, g ∗ f + I〉p;
and the identity Λ˜HBg(f + I) = g ∗ f + I follows for all f, g ∈ Cc(B). 
Definition 2.29. Given a Banach *-algebraic bundle B over G and a subgroup H of G,
the H−regular *-representations of B and L1(B) are, respectively, the *-representation
ΛHB : B → B(L2H(B)) and the integrated form Λ˜HB : L1(B) → B(L2H(B)) given by
Proposition 2.26. The H−cross sectional C*-algebra for B, C∗H(B), is the closure of
Λ˜HB(L1(B)). We define qBH : C∗(B) → C∗H(B) as the unique morphism of *-algebras
such that qBH ◦ χB = Λ˜HB.
Remark 2.30. By construction C∗H(B) is a non degenerate C*-subalgebra of B(L2H(B)),
thus we may regard B(C∗H(B)) as the C*-subalgebra of B(L2H(B)) formed by those
M ∈ B(L2H(B)) such that both MC∗H(B) and C∗H(B)M are contained in C∗H(B). It is
then clear that the image of ΛHB is contained in B(C∗H(B)) and, when convenient, we
will regard ΛHB as the non degenerate *-representation ΛHB : B → B(C∗H(B)).
In case B is a Fell bundle over G, C∗(B) := C∗G(B) is just the usual cross sectional C*-
algebra of B. The reduced cross sectional C*-algebra of B, denoted C∗r (B) and defined
in [6], is C∗{e}(B). These two claims hold by Examples 2.23 and 2.24.
Let’s continue working under the hypotheses of Proposition 2.26 and take a B−positive
*-representation S : BH → B(YA). By Theorem 2.16 there exists a unique *-representation
χ
B+H
S : C
∗(B+H)→ B(YA) such that χB
+
H
S ◦χB
+
H = S˜. We can now form the balanced tensor
product
L2H(B)⊗S YA := L2H(B)⊗
χ
B
+
H
S
YA.
The image of the (algebraic) elementary elementary tensor (f+I)⊙ξ ∈ (Cc(B)/I)⊙YA
(with f ∈ Cc(B) and ξ ∈ YA) in L2H(B)⊗S YA will be denoted f ⊗S ξ.
The map
B(L2H(B))→ B(L2H(B)⊗S YA), T 7→ T ⊗S 1
is a morphism of C*-algebras and we can compose it with ΛHB : B → B(L2H(B)) to get
the (abstractly) induced *-representation
(2.31) IndBH(S) : B → B(L2H(B)⊗S YA), a 7→ Ta ⊗S 1,
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which has integrated form
(2.32) I˜nd
B
H(S) : B → B(L2H(B)⊗S YA), f 7→ T˜f ⊗S 1,
Note induced representations are always non degenerate by conventions (C), and
also that IndBH(S) agrees with the representation induced by the essential part of S.
Remark 2.33. If YA is a Hilbert space, a close examination of the construction of
L2H(B) ⊗S YA in terms of Cc(B) and S˜ reveals that I˜nd
B
H(S) is (in Fell’s terms [7, XI
9.26]) the abstractly induced *-representation IndL1(BH)↑L1(B)(S). Now [7, XI 9.26] tells
us that IndBH(S) is unitary equivalent to Fell’s concretely induced *-representation
IndBH↑B(S).
Remark 2.34. If ρ : A → B(ZC) is a *-representation, then by the associativity of
balanced tensor products there exists a unique unitary
U : L2H(B)⊗T⊗ρ1 (YA ⊗ρ ZC)→ (L2H(B)⊗T YA)⊗ρ ZC
such that U(f ⊗T⊗ρ1 (ξ ⊗ρ η)) = (f ⊗T ξ) ⊗ρ η. By Remark 2.6, using U we get the
unitary equivalence of *-representations
IndBH(T ⊗ρ 1) ∼= IndBH(T )⊗ρ 1 IndBH(T ⊗ρ 1)˜ ∼= I˜nd
B
H(T )⊗ρ 1.
Example 2.35 (The regular *-representation). Let B = {Bt}t∈G be a Fell bundle and
think of the identity map id: Be → Be as a map from Be to the multiplier algebra
B(Be). Let’s denote Λ
eB and Λ˜eB the {e}−regular *-representations of B and L1(B),
respectively. If we take the universal *-representation of Be, ρ : Be → B(Y ), then the
*-representation used in [7, VIII 16.4] to show L1(B) is reduced may be regarded as a
subrepresentation of I˜nd
B
e (ρ) = Λ˜
eB ⊗ρ 1. Hence Λ˜eB : L1(B) → B(L2e(B)) is a faithful
*-representation.
Part of our next Theorem is expressed in terms of Fell’s induced systems of imprim-
itivity [7, XI 14.3]. It may be considered as the formalization of the fact that L2H(B)
is the the Hilbert module behind Fell’s induction process.
Notation 2.36. Given a group G and a subgroup H ⊂ G, the natural action of G
on C0(G/H) will be denoted σ
HG. More precisely, σHGs (f)(tH) = f(s
−1tH) for all
f ∈ C0(G/H) and s, t ∈ G.
Theorem 2.37. Assume B = {Bt}t∈G is a Banach *-algebraic bundle and H ⊂ G a
subgroup. Then there exists a *-representation ψHB : C0(G/H) → B(L2H(B)) which is
non degenerate and
(1) ΛHBb ψ
HB(f) = ψHB(σHGt (f))Λ
HB
b for all b ∈ Bt, t ∈ G and f ∈ C0(G/H).
(2) Given a B−positive *-representation S : BH → B(YA), the *-representation
ψS : C0(G/H)→ B(L2H(B)⊗S YA), f 7→ ψHB(f)⊗S 1,
is non-degenerate and for all b ∈ Bt, t ∈ G and f ∈ C0(G/H),
IndBH(S)bψ
S(f) = ψS(σHGt (f))Ind
B
H(S)b.
(3) Assuming YA is a Hilbert space, S is non degenerate, using the terminology
of [7, XI 14.3 pp-1181] and the unitary equivalence mentioned in Remark 2.33;
ψS is the integrated form of the projection-valued measure P induced by S and
〈IndBH(S), P 〉 is the system of Imprimitivity induced by S.
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Proof. We will, as usual, denote the generalized restriction and the B+−completion of
L1(BH) by p : Cc(B)→ Cc(BH) and χB+H : L1(B)→ C∗(B+H), respectively.
Given f ∈ Cb(G/H) and g ∈ Cc(B) define fg ∈ Cc(B) by fg(t) := f(tH)g(t). If
S : BH → B(Z) is a B−positive *-representation, then for all ξ ∈ Z we have
‖f‖∞〈ξ, S˜p(g∗∗g)ξ〉 − 〈ξ, S˜p((fg)∗∗(fg))ξ〉 = 〈ξ, S˜p([(‖f‖∞−f)g]∗∗[(‖f‖∞−f)g]) ≥ 0.
It then follows that
〈fg + I, fg + I〉p ≤ ‖f‖∞〈g + I, g + I〉p
and, consequently, for every f ∈ Cb(G/H) there exists a unique bounded operator
ψHB(f) : L2H(B)→ L2H(B) such that ψHB(f)(g + I) = fg + I.
The identity p((fg)∗ ∗h) = p(g∗∗ (f ∗g)) holds for all f ∈ Cb(G/H) and g, h ∈ Cc(B).
Thus 〈ψHB(f)u, v〉p = 〈u, ψHB(f ∗)v〉p for all u, v ∈ Cc(B)/I and it follows that ψHB(f)
is adjointable with adjoint ψHB(f ∗). We leave to the reader the verification of the fact
that ψHB : Cb(G/H)→ B(L2H(B)) is a unital *-representation. Note the representation
ψHB of the statement is in fact the restriction to C0(G/H) of the ψ
HB we have just
constructed; for that reason we use the same symbol to denote both representations.
To give a direct proof of the non degeneracy of ψHB|C0(G/H) one may proceed as
follows. Given g ∈ Cc(B) let f ∈ Cc(G/H) be such that f(tH) = 1 if t ∈ supp(g).
Then fg = g and ψHB(f)(g + I) = g + I, implying that Cc(B)/I is contained in the
essential space of ψHB.
Take t ∈ G, b ∈ Bt, f ∈ Cb(G/H) and g ∈ Cc(B). Then for all r ∈ G
b(fg)(r) = b(fg)(t−1r) = bf(t−1rH)g(t−1r) = σHGt (f)(rH)(bg)(r) = (σ
HG
t (f)(bg))(r);
implying that
ΛHBb ψ
HB(f)(g + I) = ψHB(σHGt (f))Λ
HB
b (g + I).
Hence (1) follows.
Claim (2) follows at once from (1) after one recalls that IndBH(S) = Λ
HB ⊗S 1. To
prove (3) we assume Y ≡ YA is a Hilbert space and S is non degenerate. In such
a situation we know (by Remark 2.33) that IndBH(S) if unitary equivalent to Fell’s
concretely induced representation IndBH↑B(S). We then need to specify the unitary
equivalence mentioned in Remark 2.33.
We start (exactly) as in [7, XI 9], so we fix a continuous and everywhere positive
H−rho function ρ on G (see [7, III 14.5]) and denote ρ# the regular Borel Measure on
G/H constructed from ρ (as in [7, III 13.10]). Fell’s Hilbert space X ≡ X(S) is our Y.
Since our inner products are linear in the second variable, we will be forced to adapt
Fell’s formulas to our situation.
Let Y = {Yα}α∈G/H be the Hilbert bundle over G/H induced by S and let L2(ρ#,Y)
be the corresponding cross sectional Hilbert space (see [7, XI 9.7] and [7, II 15.12]). The
unitary operator E : L2H(B)⊗SY → L2(ρ#,Y) of [7, XI 9.8] intertwines the abstract and
concrete induced representations. The identity E(ψS(f)(g⊗S ξ)) = fE(g⊗S ξ) follows
at once for all f ∈ Cb(G/H) and every elementary tensor g⊗S ξ. So E intertwines the
integrated form of the P mentioned in claim (3) and ψS. 
Theorem 2.37 motivates the following.
Definition 2.38. Let B = {Bt}t∈G be a Banach *-algebraic bundle and H ⊂ G a
subgroup. An integrated system of H−imprimitivity for B is a tern Ξ := (YA, T, ψ)
such that:
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(1) T : B → B(YA) and ψ : C0(G/H)→ B(YA) are *-representations and the essen-
tial space of ψ contains that of T.
(2) For all b ∈ Bt, f ∈ C0(G/H) and t ∈ G it follows that Tbψ(f) = ψ(σHGt (f))Tb.
A system (YA, T, ψ) is non degenerate if T (and hence ψ) is non degenerate.
Remark 2.39. Condition (2) implies the essential space of T, Y TA , is invariant under the
action of C0(G/H) by ψ. Thus there exists a unique non degenerate integrated system
of H−imprimitivity (Y TA , T ′, ψ′) such that T ′bξ = Tbξ and ψ′(f)ξ = ψ(f)ξ for all b ∈ B,
f ∈ C0(G/H) and ξ ∈ Y TA . We call this system the essential part of (YA, T, ψ).
Fell’s approach to imprimitivity systems is through projection-valued Borel measures
of G/H. This tool is available if one works with Hilbert spaces because projections
abound in B(Y ). But if YA is an A−Hilbert module and B(YA) is not a von Neumann
algebra, it may not be possible to speak of “projection valued measures” on B(YA) and
it is more convenient to consider “integrated forms of the projection valued measures”,
i.e. *-representations of C0(G/H). This approach is justified by [7, VIII 18.7 & 18.8].
One may “disintegrate” a *-representations of C0(G/H) on B(YA) by taking a faithful
and non degenerate *-representation ρ : A → B(Z) and considering the faithful *-
representation B(YA)→ B(YA ⊗ρ Z), M 7→ M ⊗ρ 1.
2.3. Weak containment and Fell’s absorption principle. Given a LCH topologi-
cal groupG one may view the representation theory ofG as the representation theory of
the trivial Fell bundle over G with constant fibre C, which we denote TG = {Cδt}t∈G. If
H ⊂ G is a subgroup, then (TG)H ≡ TH and the induction of *-representations from H
to G may be regarded as the induction of *-representations from C∗(H) := C∗(TH) to
C∗(G) := C∗(TG) via the C∗(H)−Hilbert module L2H(G) := L2H(TG). The C*-algebra
C∗H(G) is defined as C
∗
H(TG) ⊂ B(L2H(G)) and the map qTGH : C∗(G) → C∗H(G) will
be denoted qGH . Theorem 2.15 implies any *-representation of H can be induced to a
*-representation of G (c.f. [9, Theorem 4.4]).
Given a non degenerate integrated system of H−imprimitivity for TG, (YA, T, ψ), the
map U : G→ B(YA), UTt := T1δt , is a unitary representation of G such that UTt ψ(f) =
ψ(σHGt (f))U
T
t for all t ∈ G and f ∈ C0(G/H). It is then natural to say a tern (ZC , U, φ)
is a system of H−imprimitivity for G if
(1) ZC is a C−Hilbert module.
(2) U : G→ B(ZC) is a unitary *-representation.
(3) ψ : C0(G/H)→ B(ZC) is a non degenerate *-representation.
(4) For all t ∈ G and f ∈ C0(G/H), Utφ(f) = φ(σHGt (f))Ut.
Note the process (YA, T, ψ)  (YA, U
T , φ) establishes a bijective correspondence
between the non degenerated systems of H−imprimitivity of TG and the systems of
H−imprimitivity for G.
Definition 2.40. The H−regular representation of G is UHG := UΛHTG , with ΛHTG
being that of Theorem 2.37. The system of H−imprimitivity for G associated to UHG
is (L2H(G), U
HG, ψHG) with ψHG := ψHTG .
Fell’s Imprimitivity Theorem [7, XI 14.18] gives Mackey’s Imprimitivity Theorem
because TG is saturated, see also [9, Theorem 7.18] and the references therein. We
state it here for future reference.
Theorem 2.41. Let G be a LCH topological group and H a subgroup of G. A nec-
essary and sufficient condition for a unitary *-representation U : G → B(Y ) to be
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(unitary equivalent to) a *-representation induced by a *-representation of H is the ex-
istence of a non degenerate *-representation ψ : C0(G/H)→ B(Y ) such that Utψ(f) =
ψ(σHGt (f))Ut for all t ∈ G and f ∈ C0(G/H).
Let B = {Bt}t∈G be Banach *-algebraic bundle and H ⊂ G a subgroup. In general,
the reductions BtHt−1 may be quite different for different t. As an example of this
consider a discrete group G with a subgroup H for which there exists t ∈ H such that
H ∩ (tHt−1) = {e}. Let B = {Bt}t∈G be the subbundle of TG such that Bt = C if t ∈ H
and Bt = {0} if t /∈ H. Then BH = TH but all the fibers of BtHt−1 are {0}, except for
Be = C. Note also that C
∗(BH) = C∗(H) and C∗(BtHt−1) = C∗r (H), thus C∗H(B) and
C∗tHt−1(B) = C∗r (G) may be quite different from each other.
Theorem 2.42. Let B = {Bt}t∈G be a Banach *-algebraic bundle, H ⊂ G a subgroup,
fix s ∈ G and set K := sHs−1. Consider the Haar measure on K, dKt, such that
dK(t) = dH(s
−1ts). Assume at least one of the following conditions hold:
(1) H is normal in G.
(2) B is saturated.
(3) B has a unitary multiplier of order s [7, VIII 3.9].
Then
(2.43) ‖Λ˜HBf ‖ = ‖Λ˜KBf ‖ ∀ f ∈ L1(B).
In particular, there exists a unique morphism of *-algebras ρ : C∗H(B) → C∗K(B) such
that ρ ◦ Λ˜HB = Λ˜KB. In fact ρ is a C*-isomorphism and it is also the unique non
degenerate *-representation ρ : C∗H(B)→ B(C∗K(B)) such that ρ ◦ ΛHB = ΛKB.
Proof. The statement is immediate ifH is normal inG. Assume B is saturated, in which
case we adopt Fell’s notation (and construction) on conjugated representations [7, XI
16]. Let T : BH → B(Y ) be a non degenerate B−positive *-representation such that
‖I˜ndBH(T )f‖ = ‖Λ˜HBf ‖ for all f ∈ L1(B). By [7, XI 16.7] the conjugated *-representation
sT : BK → B(Z) is B−positive and, by [7, XI 16.19], IndBK(sT ) is unitary equivalent to
IndBH(T ). Thus, for all f ∈ L1(B),
‖Λ˜HBf ‖ = ‖I˜nd
B
H(T )f‖ = ‖I˜nd
B
K(
sT )f‖ ≤ ‖Λ˜KBf ‖.
By symmetry we obtain (2.43).
Now assume B has a unitary multiplier u of order s. In this situation we may pro-
ceed as in [7, XI 16.16], we repeat the construction to show the reader the saturation
hypothesis is not really needed. Let T : BH → B(Y ) be a non degenerate B−positive
*-representation for which the *-representation χ
B+
H
T : C
∗(B+H)→ B(T ) is faithful (recall
χ
B+
H
T ◦χB
+
H = T˜ ). Define uT : BK → B(Y ) by uTb := Tu∗bu, and note that u∗(uT ) = T. Set
S := uT and given any f ∈ Cc(B) define [fu] ∈ Cc(B) by [fu](t) = ∆G(s)−1/2f(ts−1)u.
For all f, g ∈ Cc(B) and ξ, η ∈ Y :
〈[fu]⊗T ξ, [fu]⊗T η〉 =
= 〈ξ, T˜pG
H
([fu]∗∗[gu])η〉 =
∫
H
∫
G
∆G(t)
1/2∆H(t)
−1/2〈ξ, T[fu](r)∗[gu](rt)η〉 dGrdHt
=
∫
H
∫
G
∆G(s)
−1∆G(t)
1/2∆H(t)
−1/2〈ξ, Tu∗f(rs−1)∗g(rts−1)uη〉 dGrdHt
=
∫
K
∫
G
∆G(t)
1/2∆K(t)
−1/2〈ξ, Sf(r)∗g(rt)η〉 dGrdKt = 〈f ⊗S ξ, g ⊗s η〉.
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Thus there exists a unique unitary operator U : L2K(B)⊗S Y → L2H(B)⊗T Y such that
U(f ⊗S ξ) = [fu]⊗T ξ.
Given t ∈ G, b ∈ Bt, f ∈ Cc(B) and ξ ∈ Y we have
(b[fu])(r) = b[fu](t−1r) = ∆G(s)
−1/2bf(t−1rs−1)u = [(bf)u](r),
for all r ∈ G. Thus,
U∗IndBH(T )bU(f ⊗S ξ) = U∗(b[fu]⊗T ξ) = U∗([(bf)u]⊗T ξ)
= IndBK(S)b(f ⊗S ξ);
implying that U intertwines IndBH(T ) and Ind
B
K(S) (and their integrated forms).
Our choice of T guarantees that for all f ∈ L1(B)
‖Λ˜HBf ‖ = ‖I˜nd
B
H(T )f‖ = ‖I˜nd
B
K(S)f‖ ≤ ‖Λ˜KBf ‖.
Since u∗ is a unitary multiplier of order s−1 and s−1Ks = H, we conclude that (2.43)
holds.
At this point we know that any of the conditions (1), (2) or (3) imply (2.43). Since the
ranges of both Λ˜HB and Λ˜KB are dense *-subalgebras of C∗H(B) and C∗K(B), respectively,
the existence of C*-isomorphism ρ : C∗H(B)→ C∗K(B) such that ρ ◦ Λ˜HB = Λ˜KB follows.
We leave the rest of the proof to the reader. 
Our version of the Absorption Principle will be sated in terms of minimal tensor
products of *-representations of Hilbert modules. We now briefly present some standard
tensor product constructions in convenient way.
Given two right Hilbert modules, YA and ZC , the (minimal) tensor product YA⊗ZC
is a right A⊗ C−Hilbert module with inner product determined by the condition
〈ξ ⊗ η, ζ ⊗ ν〉 = 〈ξ, ζ〉 ⊗ 〈η, ν〉;
which implies ‖ξ⊗η‖ = ‖ξ‖‖η‖. The construction of YA⊗ZC may be performed inside
the tensor product between the linking algebras L(YA) ⊗ L(ZC), in which case the
A ⊗ C−valued inner product of YA ⊗ ZC is just the restriction of the natural inner
product of L(YA)⊗L(ZC). The results of [3, Section 5.2] imply this construction yields
the minimal tensor product of Hilbert modules.
The description of minimal tensor products we have just exposed implies that in
case YA = AA and ZC = CC , the tensor product AA⊗CC is just the C*-algebra A⊗C
regarded as a Hilbert module, this is AA ⊗ CC = (A⊗ C)A⊗C .
If ZC = Z is a Hilbert space (C = C), we identify A⊗ C with A and regard YA ⊗ Z
as an A−Hilbert module. This module is also the balanced tensor product Z ⊗ρ YA
for the trivial representation ρ : C → B(YA), λ 7→ λ1. Thus, if both A and C are the
complex field C, YA ⊗ ZC is just the usual tensor product of Hilbert spaces.
Every T ∈ B(YA) defines an adjointable map L(T ) ∈ B(L(YA)) that, in the usual
matrix representation of L(YA), is given by
L(T )
(
R ξ
η˜ a
)
:=
(
TR Tξ
η˜ a
)
.
By faithfully representing both L(YA) and L(Zc) on a Hilbert space we can prove the
existence of a unique operator L(T )⊗1 ∈ B(L(YA)⊗L(ZC)) mapping ξ⊗η to L(T )ξ⊗η.
The subspace YA ⊗ ZC is invariant under both L(T ) and L(T ∗) = L(T )∗ and the
restriction of L(T )⊗1 to this invariant space is the (unique) operator T⊗1 ∈ B(YA⊗ZC)
mapping ξ⊗η to Tξ⊗η. In this very same way one can construct, for each S ∈ B(ZC),
the (unique) operator 1⊗ S ∈ B(YA ⊗ ZC) mapping ξ ⊗ η to ξ ⊗ Sη. The composition
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T ⊗ S := (T ⊗ 1) ◦ (1 ⊗ S) = (1 ⊗ S) ◦ (T ⊗ 1) is the unique adjointable operator of
YA ⊗ ZC mapping ξ ⊗ η to Tξ ⊗ Sη, and it’s adjoint is T ∗ ⊗ S∗.
Putting together several facts from [7] (with some standard tricks) and extending
the ideas of [6] we got the theorem below. The reader should notice that if one takes
H = {e} (this is Exel-Ng’s situation [6]) then one may use the trivial representation
H → C, t 7→ 1, instead of the *-representation V we will use in the proof below. In
doing so our proof is becomes a modified version of that of Exel and Ng.
Theorem 2.44 (FExell’s Absorption Principle I). Assume B = {Bt}t∈G is a Banach
*-algebraic bundle and H ⊂ G is a subgroup. Given t ∈ G and non degenerate *-
representations T : B → B(YA) and V : H → B(ZC) define H t := tHt−1 and the *-
representations V t : H t → B(ZC), V tr := Vt−1rt and St : BHt → B(YA), Stb := Tb. If
U := IndGH(V ) and WC := L
2
H(G)⊗V ZC , then the functions
T ⊗ U : B → B(YA ⊗WC), (b ∈ Br) 7→ Tb ⊗ Ur(2.45)
St ⊗ V t : BHt → B(YA ⊗ ZC), (b ∈ Br) 7→ Stb ⊗ V tr(2.46)
are non degenerate *-representations, St ⊗ V t is B−positive and
(2.47) ‖(T ⊗ U )˜f‖ = sup{‖I˜nd
B
Ht(S
t ⊗ V t)f‖ : t ∈ G} ∀ f ∈ L1(B).
Proof. The verification of the facts that both T ⊗ U and St ⊗ V t are non degenerate
*-representations are left to the reader. Note the restriction (St ⊗ V t)|Be = (T ⊗ 1)|Be
is B−positive. Hence Theorem 2.15 implies St ⊗ V t is B−positive.
Define the A⊗C−Hilbert module YA⊗GWC := ℓ2(G)⊗ (YZ⊗WC), which we regard
as the direct sum of G−copies of YA ⊗ ZC . Similarly, we define *-representation
T ⊗G U : B → B(YA ⊗G WC), b 7→ 1ℓ2(G) ⊗ (T ⊗ U)b,
which is the composition of T ⊗ U with the unital and faithful *-representation
Θ: B(YA ⊗WC)→ B(YA ⊗G WC), Θ(R) = 1ℓ2(G) ⊗ R.
Note that (T ⊗G U )˜ = Θ ◦ (T ⊗ U )˜ . Thus it suffices to prove
(2.48) ‖(T ⊗G U )˜f‖ = sup{‖I˜nd
B
Ht(S
t ⊗ V t)f‖ : t ∈ G} ∀ f ∈ L1(B).
We claim there exists a unique linear map
L : Cc(G, YA ⊗G ZC)→ YA ⊗G WC
which is continuous in the inductive limit topology and
(2.49) L(f ⊙ [δt ⊗ ξ ⊗ η]) = δt ⊗ (ξ ⊗ [f ⊗V η])
for all f ∈ Cc(G), ξ ∈ YA, η ∈ ZC and t ∈ G, where:
• We regard Cc(G) as Cc(TG) and think of L2Ht(G) as a completion of Cc(G).
• If w ∈ YA ⊗G ZC , f ⊙ w ∈ Cc(G, YA ⊗G ZC) is given by f ⊙ w(r) = f(r)w.
Uniqueness of L follows from the fact that the functions of the form f ⊙ (δt ⊗ ξ ⊗ η)
span a dense subset of Cc(G, YA⊗G ZC) which is dense in the inductive limit topology
(see [7, II 14.6]). Take functions u, v ∈ Cc(G, YA ⊗G ZC) that can be expressed as
elementary tensors
u = f ⊙ (δr ⊗ ξ ⊗ η) v = g ⊙ (δs ⊗ ζ ⊗ κ)
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as explained before. If δr,s is the Kronecker delta (equals 1 if and only if r = s) then
(2.50) 〈δr ⊗ (ξ ⊗ [f ⊗V η]), δs ⊗ (ζ ⊗ [g ⊗V κ])〉 =
= δr,s〈ξ, ζ〉 ⊗ 〈f ⊗V η, g ⊗V κ〉
= δr,s〈ξ, ζ〉 ⊗
∫
H
∫
G
∆G(t)
1/2∆H(t)
−1/2f(z)g(zt)〈η, Vtκ〉 dGzdHt
=
∫
H
∫
G
∆G(t)
1/2∆H(t)
−1/2f(z)g(zt)〈δr ⊗ ξ ⊗ η, (1⊗ 1⊗ Vt)(δs ⊗ ζ ⊗ κ)〉 dGzdHt
=
∫
H
∫
G
∆G(t)
1/2∆H(t)
−1/2〈u(z), (1⊗ 1⊗ Vt)v(zt)〉 dGzdHt.
Fix a compact set D and denote CD(G, YA ⊗G ZC) the set formed by those f ∈
Cc(G, YA ⊗G ZC) with support contained in D; this set is in fact a Banach space with
the norm ‖ ‖∞. Let C⊙D be the subspace of CD(G, YA⊗G ZC) spanned by the functions
of the form f⊙(δt⊗ξ⊗η) with f ∈ CD(G), t ∈ G, ξ ∈ YA and η ∈ ZC .We clearly have
Cc(G)C
⊙
D ⊂ C⊙D. If, for every t ∈ G, we define C⊙D(t) as the closure of {u(t) : u ∈ C⊙D},
then C⊙D(t) = YA ⊗G ZC if t is in the interior of D and {0} otherwise. By [1, Lemma
5.1], the closure of C⊙D in Cc(G, YA⊗G ZC) with respect to the inductive limit topology
is {f ∈ Cc(G, YA ⊗G ZC) : f(t) ∈ C⊙D(t) ∀ t ∈ G} = CD(G, YA ⊗G ZC).
Take any u, v ∈ CD(G, YA⊗GZC). By the preceding paragraph there exists sequences
{un}n∈N and {vn}n∈N in C⊙D converging uniformly to u and v, respectively. Then for
all n ∈ N there exists a positive integer mn and (for each j = 1, . . . , mn) elements
fn,j, gn,j ∈ CD(G), rn,j, sn,j ∈ G, ξn,j, ζn,j ∈ YA and ζn,j, κn,j ∈ ZC such that
un =
mn∑
j=1
fn,j ⊙ (δrn,j ⊗ ξn,j ⊗ ηn,j) v =
mn∑
j=1
gn,j ⊙ (δsn,j ⊗ ζn,j ⊗ κn,j).
Let αD be the measure of D with respect to dGs and βD that of H ∩ (D−1D) with
respect to dHt. If γD := sup{|∆G(t)1/2∆H(t)−1/2| : t ∈ H∩(D−1D)}, then (2.50) implies
that for all p, q ∈ N we have
‖
mp∑
j=1
δrp,j ⊗ (ξp,j ⊗ [fp,j ⊗V ηp,j])−
mq∑
k=1
δsq,k ⊗ (ζq,k ⊗ [gq,k ⊗V κq,k])‖2 =
= ‖
∫
H
∫
G
∆G(t)
1/2∆H(t)
−1/2〈(up − vq)(z), (1⊗ 1⊗ Vt)(up − vq)(zt)〉 dGzdHt‖
≤ αDβDγD‖up − vq‖2∞.
Several conclusion arise from the inequality above:
(a) If u = v and vq = uq, it follows that {∑mpj=1 δrp,j ⊗ (ξp,j ⊗ [fp,j ⊗V ηp,j])}p∈N is a
Cauchy sequence in YA ⊗G WC and hence has a limit LD({un}n∈N).
(b) If u = v and we take limit in p and q, it follows that LD({un}n∈N) = LD({vn}n∈N).
Hence LD({un}n∈N) depends only on u and it makes sense to define a function
LD : CD(G, YA⊗G ZC)→ YA⊗GWC , f 7→ LD(f), that can be computed using the
procedure we have described before.
(c) Taking limit in p and q we obtain ‖LD(u)− LD(v)‖ ≤
√
αDβDγD‖u− v‖∞, so LD
is continuous.
(d) LD(f ⊙ (δt ⊗ ξ ⊗ η)) = δt ⊗ ξ ⊗ (f ⊗V η) and LD is linear when restricted to C⊙D.
Thus LD is linear.
(e) By (2.50) and the continuity of LD,
(2.51) 〈LD(u), LD(v)〉 =
∫
G
∫
H
∆G(t)
1/2∆H(t)
−1/2〈u(s), (1⊗ 1⊗ Vt)v(st)〉 dHtdGs.
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Clearly, if E ⊂ G is a compact containing D, LE is an extension of LD. Then there
exists a unique function L : Cc(G, YA⊗G ZC)→ YA⊗GWC extending all the functions
LD. This extension is linear and continuous in the inductive limit topology, by [7, II
14.3]. Note also that L satisfies (2.49) and so has dense range.
Given t ∈ G, f ∈ Cc(B), ξ ∈ YA and η ∈ ZC we define [t, f, ξ, η] ∈ Cc(G, YA ⊗G ZC)
by
(2.52) [t, f, ξ, η](r) = ∆G(t)
−1/2δt ⊗ Tf(rt−1)ξ ⊗ η
We claim there exists a unique linear and continuous map
(2.53) I :
⊕
t∈G
L2Ht(B)⊗St⊗V t (YA ⊗ ZC)→ YA ⊗G WC
such that for all t ∈ G, f ∈ Cc(B) ⊂ L2Ht(B), ξ ∈ YA and η ∈ ZC ,
(2.54) I(f ⊗St⊗V t (ξ ⊗ η)) = L([t, f, ξ, η]).
The direct summand L2Ht(B)⊗St⊗V t (YA ⊗ ZC) of
⊕
t∈G L
2
Ht(B)⊗St⊗V t (YA ⊗ ZC) is
generated by elements f ⊗St⊗V t (ξ ⊗ η), with f ∈ Cc(B), ξ ∈ YA and η ∈ ZC . Note the
“t” in the tensor product indicates the direct summand the tensor belongs to.
Take vectors f⊗Sr⊗V r (ξ⊗η) and g⊗St⊗V t (ζ⊗κ). If Ψr(w) := ∆G(w)1/2∆Hr(w)−1/2,
then by (2.51) we have
〈L([r, f, ξ, η], L([t, g, ζ, κ])〉 =
=
∫
H
∫
G
Ψe(w)∆G(rt)
−1/2〈δr ⊗ Tf(zr−1)ξ ⊗ η, δt ⊗ Tg(zwt−1)ζ ⊗ Vwκ〉 dGzdHw
=
∫
H
∫
G
Ψe(w)∆G(r
−1)δr,t〈Tf(zr−1)ξ ⊗ η, Tg(zwr−1)ζ ⊗ Vwκ〉 dGzdHw
=
∫
H
∫
G
Ψe(w)δr,t〈Tf(z)ξ ⊗ η, Tg(zrwr−1)ζ ⊗ Vwκ〉 dGzdHw
=
∫
H
∫
G
Ψr(rwr
−1)δr,t〈ξ ⊗ η, Tf(z)∗g(zrwr−1)ζ ⊗ V rrwr−1κ〉 dGzdHw
=
∫
Hr
∫
G
Ψr(w)δr,t〈ξ ⊗ η, Tf(z)∗g(zw)ζ ⊗ V rwκ〉 dGzdHrw
= δr,t〈ξ ⊗ η, (Sr ⊗ V r )˜pG
Hr
(f∗∗g)(ζ ⊗ κ)〉
= 〈f ⊗Sr⊗V r (ξ ⊗ η), g ⊗St⊗V t (ζ ⊗ κ)〉.
Thus there exists a linear isometry I satisfying both (2.53) and (2.54). Besides, I
preserves inner products.
Adapting the ideas of [6], we define
ρ : G→ B(YA ⊗G WC), ρ(t) := ltt ⊗ 1YA ⊗ 1WC ,
where lt : G→ B(ℓ2(G)) is the left regular representation, which we recall is determined
by the condition ltt(δs) = δts. Note ρ and Θ have commuting ranges, so the range of ρ
commutes with that of T ⊗G U and (T ⊗G U )˜ (and the respective closures, of course).
Let K be the image of the map I of (2.53). We claim that G ·K := span{ρ(t)K : t ∈
G} is dense in YA ⊗G WC . To prove this we define, for each t ∈ G, the function
µ(t) : Cc(G, YA ⊗G ZC)→ Cc(G, YA ⊗G ZC), (µ(t)f)(z) = (ltt ⊗ 1YA ⊗ 1ZC)f(z).
In particular, µ(t)(f ⊙ (δr ⊗ ξ ⊗ η)) = f ⊙ (δtr ⊗ ξ ⊗ η). Hence,
L ◦ µ(t)(f ⊙ (δr ⊗ ξ ⊗ η)) = L(f ⊙ (δtr ⊗ ξ ⊗ η)) = δtr ⊗ ξ ⊗ [f ⊗V η] =
= ρ(t)(δr ⊗ ξ ⊗ [f ⊗V η]) = ρ(t)L(f ⊙ (δr ⊗ ξ ⊗ η)).
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Since both L◦µ(t) and ρ(t)◦L are linear and continuous in the inductive limit topology
and agree on a dense set, it follows that L ◦ µ(t) = ρ(t) ◦ L. Thus G ·K contains the
image under L of
K0 := span{µ(t)[r, f, ξ, η] : r, t ∈ G, f ∈ Cc(B), ξ ∈ YA, η ∈ ZC} ⊂ Cc(G, YA ⊗G ZC).
Note C(G)K0 ⊂ K0. Besides,
µ(r)[t, f, ξ, η](z) = ∆G(t)
−1/2δrt ⊗ Tf(zt−1)ξ ⊗ η.
Fixing z ∈ G and varying r, t ∈ G, ξ ∈ YA, η ∈ ZC and f ∈ Cc(B), the elements we
obtain on the right hand side of the displayed equation above are all those of the form
δs⊗Tbξ⊗ η, for arbitrary s ∈ G, b ∈ B, ξ ∈ YA and η ∈ ZC . Since T is non degenerate,
this last type of vectors span YA ⊗G ZC , and we conclude (using [7, II 14.3]) that K0
is dense in Cc(G, YA⊗G ZC) in the inductive limit topology. Hence G ·K contains the
dense set L(K0) and it follows that G ·K = YA ⊗G WC .
Our next goal is to show that defining the *-representation
R :=
⊕
r∈G
IndBHr(S
r ⊗ V r)
the identity
(T ⊗G U)b ◦ I = I ◦Rb
obtains for all b ∈ B. To prove this claim we fix r, p, q ∈ G, b ∈ Br, f ∈ Cc(B),
g ∈ Cc(G), ξ, ζ ∈ YA and η, κ ∈ ZC . For convenience we denote u and v the tensors
f ⊗Sp⊗V p (ξ ⊗ η) and g ⊙ (δq ⊗ ζ ⊗ κ), respectively. Recalling (2.51) we get
〈(T ⊗G U)b ◦ I(u), L(v)〉 =
= 〈L([p, f, ξ, η]), (T ⊗G U)b∗(δq ⊗ ζ ⊗ (g ⊗V κ))〉
= 〈L([p, f, ξ, η]), δq ⊗ Tb∗ζ ⊗ (ΛHGr−1(g)⊗V κ)〉
= 〈L([p, f, ξ, η]), L(ΛHGr−1(g)⊙ (δq ⊗ Tb∗ζ ⊗ κ))〉
=
∫
H
∫
G
Ψe(w)〈[p, f, ξ, η](z), δq ⊗ Tb∗ζ ⊗ Vwκ〉g(rzw) dGzdHw
=
∫
H
∫
G
Ψe(w)∆G(p)
−1/2〈δp ⊗ Tf(zp−1)ξ ⊗ η, δq ⊗ Tb∗ζ ⊗ Vwκ〉g(rzw) dGzdHw
=
∫
H
∫
G
Ψe(w)∆G(p)
−1/2δp,q〈Tbf(r−1zp−1)ξ ⊗ η, ζ ⊗ Vwκ〉g(zw) dGzdHw
=
∫
H
∫
G
Ψe(w)∆G(p)
−1/2δp,q〈T(bf)(zp−1)ξ ⊗ η, ζ ⊗ Vwκ〉g(zw) dGzdHw
= 〈L([p, bf, ξ, η]), L(g ⊙ (δq ⊗ ζ ⊗ κ))〉 = 〈I(bf ⊗Sq⊗V q (ξ ⊗ η)), L(v)〉
= 〈I ◦Rb(u), L(v)〉.
Since u and v are arbitrary, L has dense range and the elements like u and v span
dense subspaces of their containing spaces, by linearity and continuity we get that
(T ⊗G U)b ◦ I = I ◦Rb; which implies that
(2.55) (T ⊗G U )˜f ◦ I = I ◦ R˜f , ∀ f ∈ L1(B).
Consider the *-representations
ΩT : C
∗(B)→ B(YA ⊗G WC)
ΩR : C
∗(B)→ B(⊕
r∈G
L2Hr(G)⊗Sr⊗V r (YA ⊗ ZC))
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such that ΩT ◦ Λ˜GB = (T ⊗G U )˜ and ΩR ◦ Λ˜GB = R˜. Since the image of Λ˜GB is dense
in C∗(B), (2.55) implies ΩT (f) ◦ I = I ◦ΩR(f) for all f ∈ C∗(B). Besides, the image of
ΩT is the closure of that of (T ⊗G U )˜ , which commutes with the image of ρ. Thus the
images of ΩT and ρ commute.
Assume we are given f ∈ C∗(B) such that ΩR(f) = 0. Then, for all t ∈ G and
u ∈⊕r∈G L2Hr(G)⊗Sr⊗V r (YA ⊗ ZC),
ΩT (f) ◦ ρ(t) ◦ I(u) = ρ(t) ◦ ΩT (f) ◦ I(u) = ρ(t) ◦ I ◦ ΩR(f)(u) = 0.
Recalling that I(u) ∈ K and that G ·K spans a dense subset of YA⊗GWC , we deduce
that ΩT (f) = 0.
By thinking of the image of ΩR as the quotient of C
∗(B) by the kernel of ΩR, we can
define a morphism of *-algebras Φ: ΩR(C
∗(B))→ ΩT (C∗(B)) such that Ψ ◦ ΩR = ΩT .
Since Ψ is contractive, it follows that ‖ΩR(f)‖ ≥ ‖ΩT (f)‖ for all f ∈ C∗(B). The
inequality ‖ΩR(f)‖ ≤ ‖ΩT (f)‖ is trivial because I is an isometry and ΩT (f) ◦ I =
I ◦ ΩR(f). Then Φ is isometric and, consequently, a C*-isomorphism. It thus follows
that for all f ∈ L1(B),
‖(T ⊗G U)f‖ = ‖ΩT (Λ˜GBf )‖ = ‖ΩR(Λ˜GBf )‖ = ‖R˜f‖ = ‖
⊕
r∈G
I˜nd
B
Hr(S
r ⊗ V r)f‖
= sup{‖I˜ndBHr(Sr ⊗ V r)f‖ : r ∈ G};
showing (2.48) holds and completing the proof. 
Corollary 2.56 (FExell’s Absorption Principle II). Let B = {Bt}t∈G be a Banach *-
algebraic bundle, H ⊂ G a subgroup, T : B → B(YA) a non degenerate *-representation
and (ZC, U,Ψ) an integrated system of H−imprimitivity for G. Assume at least one of
the following conditions holds
(1) H is normal in G.
(2) B is saturated.
(3) There exists a set S ⊂ G such that {tHt−1 : t ∈ S} = {tHt−1 : t ∈ G} and for
every t ∈ S there exists a unitary multiplier of B of order t.
Then there exists a unique *-representation πTU : C
∗
H(B) → B(YA ⊗ ZC) such that
πTU◦Λ˜HB = (T⊗U )˜ .Moreover, πTU is also the unique non degenerate *-representation
ρ : C∗H(B)→ B(YA⊗ZC) such that ρ ◦ΛHB = T ⊗U, with ρ : B(C∗H(B))→ B(YA ⊗ZC)
being the unique *-representation extending ρ.
Proof. The key point of the proof is to show that
(2.57) ‖(T ⊗ U )˜f‖ ≤ ‖Λ˜HBf ‖ ∀ f ∈ L1(B).
Take faithful and non degenerate *-representations µ : A→ B(V ) and ν : C → B(W ).
Then,
S : B → B((YA ⊗WC)⊗µ⊗ν (V ⊗W )), (b ∈ Bt) 7→ (Tb ⊗ Ut)⊗µ⊗ν (1V ⊗ 1W ),
is a *-representation and for all f ∈ L1(B) it follows that ‖S˜f‖ = ‖(T ⊗U )˜f‖. But S is
unitary equivalent to (T ⊗µ 1V )⊗ (U ⊗ν 1W ). Thus, to prove (2.57), we may replace T
with T ⊗µ 1V and U with U ⊗ν 1W . In doing so one replaces YA and ZC with Hilbert
spaces, thus to prove (2.57) we may assume YA and ZC are Hilbert spaces to start with
(and forget µ and ν).
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By Makey’s Theorem 2.41 the system (Z,U, ψ) is induced from some unitary *-
representation V : H → B(W ). Then, by Theorem 2.44 and the construction of induced
representations
‖(T ⊗ U )˜f‖ ≤ sup{‖Λ˜H
tB
f ‖ : t ∈ G} ∀ f ∈ L1(B).
Thus Theorem 2.42 together with any of the conditions (1), (2) or (3) gives (2.57).
Clearly, condition (2.57) is no other thing that the claim of the existence of a unique
morphism of *-algebras π0TU : Λ˜
HB(L1(B)) → B(YA ⊗ ZC) such that: (i) π0TU ◦ Λ˜HB =
(T⊗U )˜ , and (ii) π0TU is contractive with respect to the C*-norm inherited from C∗H(B).
We define πTU as the unique continuous extension of π
0
TU . This extension is a non
degenerate *-representation because it’s image contains the non degenerate algebra
(T ⊗ U )˜ (L1(B)).
Note πTU◦ΛHB : B → B(YA⊗ZC) is a non degenerate *-representation with integrated
form (T ⊗ U )˜ . Thus the uniqueness of integrated forms implies πTU ◦ ΛHB = T ⊗ U.
Assume, conversely, that ρ : C∗H(B)→ B(YA⊗ZC) is a non degenerate *-representation
such that ρ ◦ ΛHB = T ⊗ U. Then
πTU ◦ Λ˜HB = (T ⊗ U )˜ = (ρ ◦ ΛHB )˜ = ρ ◦ Λ˜HB = ρ ◦ Λ˜HB,
implying that πTU and ρ agree on a dense set. Thus ρ = πTU . 
Corollary 2.58. Let B = {Bt}t∈G be a Banach *-algebraic bundle, H ⊂ G a normal
subgroup, T : B → B(YA) a non degenerate *-representation and V : H → B(ZC) a
unitary *-representation. Then the *-representation (T |BH)⊗V is B−positive and there
exists a unique *-representation πTV : C
∗
H(B) → B(YA ⊗ ZC) such that πTV ◦ Λ˜HB =
(T ⊗ IndGH(V ))˜ . Moreover,
(1) πTV is also the unique non degenerate *-representation ρ : C
∗
H(B)→ B(YA⊗ZC)
such that ρ ◦ ΛHB = T ⊗ IndGH(V ).
(2) If the integrated form of (T |BH)⊗V factors via χB
+
H : L1(BH)→ C∗(B+H) through
a faithful *-representation of C∗(B+H), then πTV is faithful. To accomplish this
one may consider, for example, the trivial representation V : H → C and a
*-representation T like the one we will construct before stating Corollary 3.9.
Proof. The existence and uniqueness of πTV follows from FExell’s Absorption Prin-
ciple II because U := IndGH(V ) is, by construction, part of an integrated system of
H−imprimitivity. If condition (2) holds, by FExell’s Absorption Principle I we have
‖Λ˜HBf ‖ ≥ ‖πTV (Λ˜HBf )‖ = sup{‖I˜nd
B
H((T |BH)⊗ V t)f‖ : t ∈ G} ≥
≥ ‖I˜ndBH((T |BH)⊗ V )f‖ = ‖Λ˜HBf ⊗(T |BH )⊗V 1‖ = ‖Λ˜HBf ‖.
It thus follows that πTV is a isometry and hence faithful. 
2.4. Induction in stages. In [7, XI 12.15] Fell shows that *-representations may be
induced in stages. For general *-representations on Hilbert modules this becomes the
result below.
Theorem 2.59. Let B = {Bt}t∈G be a Banach *-algebraic. Consider two subgroups, H
and K, with H ⊂ K ⊂ G and a *-representation S : BH → B(YA). Then the following
are equivalent:
(1) S is B−positive.
(2) S is BK−positive and IndBKH (S) is B−positive.
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If the conditions above hold, then there exists a unique unitary
(2.60) U : L2K(B)⊗IndBKH (S) (L
2
H(BK)⊗S YA)→ L2H(B)⊗S YA
mapping f ⊗
Ind
BK
H (S)
(u⊗S ξ) to fu⊗S ξ for all f ∈ Cc(B) and u ∈ Cc(BK). Moreover,
this unitary intertwines IndBK(Ind
BK
H (S)) and Ind
B
H(S).
Proof. If Y where a Hilbert space the proof would follow at once by [7, XI 12.15]. We
will present a complete proof instead of indicating how to modify Fell’s proof to the
general case, mainly because we think this is shorter and more convenient to the reader.
The generalized restriction maps will be denoted indicating the groups as follows:
pKH : Cc(BK)→ Cc(BH), pKH(f)(t) = ∆K(t)1/2∆H(t)−1/2f(t).
A direct computation shows that pKH ◦ pGK = pGH .
If condition (1) holds, then S|Be is B−positive and hence BK−positive. By Theo-
rem 2.15 this implies S is BK−positive. Thus to prove the equivalence between (1)
and (2) we can assume S is BK−positive and consider the induced *-representation
IndBKH (S) : BK → B(L2H(BK) ⊗S YA). Given any f, g ∈ Cc(B), u, v ∈ Cc(BK) and
ξ, η ∈ YA we have:
(2.61) 〈u⊗S ξ, I˜ndBKH (S)pGK(f∗∗g)(v ⊗S η)〉 = 〈u⊗S ξ, p
G
K(f
∗ ∗ g) ∗ v ⊗S η)〉
= 〈ξ, S˜pK
H
(u∗∗pG
K
(f∗∗g)∗v) ⊗S η)〉 = 〈ξ, S˜pK
H
(pG
K
((fu)∗∗(gv))) ⊗S η)〉
= 〈ξ, S˜pGH((fu)∗∗(gv)) ⊗S η)〉 = 〈fu⊗S ξ, gv ⊗S η)〉.
Assume S is B−positive. To show that IndBKH (S) is B−positive it suffices to show
that 〈ζ, IndBKH (S)pGK(f∗∗f)ζ〉 ≥ 0 for all f ∈ Cc(B) and every ζ ∈ L2H(BK) ⊗S YA being
a finite sum of elementary tensors. Take f ∈ Cc(B) and ζ = ∑nj=1 uj ⊗S ξj, with
u1, . . . , un ∈ Cc(BK) and ξ1, . . . , ξn ∈ YA. Then (2.61) implies
〈ζ, I˜ndBKH (S)pGK(f∗∗f)ζ〉 = 〈
n∑
j=1
fuj ⊗S ξj,
n∑
k=1
fuk ⊗S ξk〉 ≥ 0;
proving that (1) implies (2).
We now assume claim (2) holds. To prove that S is B−positive we take f ∈ Cc(B)
and ξ ∈ YA. By [7, VIII 5.11] and conventions (C) L1(BK) has an approximate unit
{uλ}λ∈Λ ⊂ Cc(BK) such that both {uλ ∗ v}λ∈Λ and {v ∗ uλ}λ∈Λ converge to v in the
inductive limit topology, for all v ∈ Cc(BK).Moreover, by adapting the proof of [7, VIII
5.11] it can be shown that {u∗λ∗v∗uλ}λ∈Λ converges to v in the inductive limit topology.
With v = pGH(f
∗ ∗ f), the continuity of the generalized restrictions with respect to the
inductive limit topologies and (2.61) imply
〈ξ, S˜pG
H
(f∗∗f)ξ〉 = 〈ξ, S˜pK
H
(pG
K
(f∗∗f))ξ〉 = lim
λ
〈ξ, S˜pK
H
(u∗
λ
∗pG
K
(f∗∗f)∗uλ)
ξ〉
= lim
λ
〈uλ ⊗S ξ, I˜ndBKH (S)pGK(f∗∗f)(uλ ⊗S η)〉 ≥ 0.
Hence (2) implies (1).
From now on we assume S is B−positive. In this situation (2.61) implies the existence
of a unique linear isometry U as in (2.60). In fact (2.61) can now be interpreted as
the fact that U preserves inner products. Thus U is a unitary if and only if it is
surjective. To prove this is the case fix f ∈ Cc(B), ξ ∈ YA and take an approximate
INDUCTION, ABSORPTION AND AMENABILITY 29
unit {uλ}λ∈Λ ⊂ Cc(BK) as the one we considered before. Then some straightforward
arguments show that
lim
λ
‖f ⊗S ξ − U(f ⊗IndBKH (S) uλ ⊗S ξ)‖
2 = lim
λ
‖(f − fuλ)⊗S ξ‖2
= lim
λ
‖〈ξ, S˜pKH(pGK(f∗∗f)+u∗λ∗pGK(f∗∗f)∗uλ−u∗λ∗pGK(f∗∗f)−pGK(f∗∗f)∗uλ)ξ〉‖ = 0.
Thus U has dense range and is in fact surjective because it is an isometry.
Finally, for all b ∈ B, f ∈ Cc(B), u ∈ Cc(BK) and ξ ∈ YA we have
U∗IndBH(S)bU(f ⊗IndBKH (S) u⊗S ξ) = U
∗(b(fu)⊗S ξ) = U∗((bf)u⊗S ξ)
= (bf)⊗
Ind
BK
H (S)
u⊗S ξ
= IndBK(Ind
BK
H (S))b(f ⊗IndBKH (S) u⊗S ξ).
Thus the proof follows by the density of elementary tensor products. 
When specialized to Fell bundles the induction in stages is a statement about regular
*-representations of subgroups. Recall that after Theorem 2.15 there is no need to check
positivity of *-representations when working with Fell bundles.
Corollary 2.62. Assume B is a Fell bundle over G and consider two subgroups of
G, H and K, such that H ⊂ K ⊂ G. If ΛHBK : BK → B(L2H(BK)) is the H−regular
*-representation of BK , then there exists a unitary
U : L2K(B)⊗ΛHBK L2H(BK)→ L2H(B)
mapping f ⊗ΛHBK u to fu, for all f ∈ Cc(B) and u ∈ Cc(BK). Moreover, this unitary
intertwines IndBK(Λ
HBK) and ΛHB.
Proof. Follows directly from Theorem 2.59. 
Corollary 2.63. If B is a Fell bundle over G and H is a subgroup of G, then the
H−regular *-representation Λ˜HB : L1(B)→ B(L2H(B)) is faithful.
Proof. It suffices to show that Λ˜HB⊗
Λ˜eBH
1: L1(B)→ B(L2H(B)⊗Λ˜eBH L2e(BH)) is faith-
ful. By construction Λ˜HB ⊗
Λ˜eBH
1 ≡ IndBH(ΛeBH), and Corollary 2.62 implies this *-
representation is unitary equivalent to Λ˜eB : L1(B)→ B(L2e(B)); the last being faithful
by Remark 2.35. 
3. Amenability
Recall from Definition 2.29 that given a Banach *-algebraic bundle B over G and a
subgroup H ⊂ G, the H−cross sectional C*-algebra C∗H(B) ⊂ B(L2H(B)) is the image
of the *-representation qBH : C
∗(B) → B(L2H(B)), this representation being the unique
making the diagram below a commutative one
L1(B) Λ˜HB //
χ
B $$■
■■
■■
■■
■■
C∗H(B)
C∗(B)
qBH
::✉✉✉✉✉✉✉✉✉
If B is a Fell bundle and H = {e}, we write qBe instead of qB{e} and note C∗e (B) is Exel-
Ng’s [6] reduced cross sectional C*-algebra C∗r (B); and also that qBe : C∗(B)→ C∗r (B) is
the canonical quotient map. In this setting B is said to be amenable if qBe is injective.
30 DAMIÁN FERRARO
Proposition 3.1. Let B be a Banach *-algebraic bundle over G and consider subgroups
H ⊂ K ⊂ G. Then there exists a unique morphism of *-algebras qBKH making the
following a commutative diagram
L1(B)
χ
B≡Λ˜GB
~~
Λ˜KB
 Λ˜HB

C∗K(B)
qBKH ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
C∗(B) ≡ C∗G(B)
qBK
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
qBH
// C∗H(B)
Moreover, qBKH is surjective and q
B
H is a C*-isomorphism if and only if both q
B
KH and
qBK are C*-isomorphisms. In case B is a Fell bundle and qBKH : C∗(BK)→ C∗H(BK) is a
C*-isomorphism, then qBHK is a C*-isomorphism.
Proof. Since qBK is surjective, q
B
KH is unique if it exists and to prove it’s existence it
suffices to show that ‖qBH(f)‖ ≤ ‖qBK(f)‖ for all f ∈ C∗(B).
Take a non degenerate and faithful *-representation π : C∗(B+H)→ B(Y ). Then there
exists a *-representation T : BH → B(Y ) such that π = χB
+
H
T . By Theorem 2.59, for all
f ∈ L1(BK) we have
‖qBH(f)‖ = ‖qBH(f)⊗π 1‖ ≡ ‖qBH(f)⊗T 1‖ = ‖qBK(f)⊗IndBKH (T ) ⊗1⊗T 1‖ ≤ ‖q
B
K(f)‖.
In case B is a Fell bundle and qBKH is a C*-isomorphism, Corollary 2.62 implies the
*-representation qBK ⊗qBK
H
1: C∗(B)→ B(L2K(B)⊗qBK
H
L2H(BK)) is unitary equivalent to
qBH . Then for all f ∈ C∗(B) we have
‖qBKH(qBK(f))‖ = ‖qBH(f)‖ = ‖qBK(f)⊗qBKH 1‖ = ‖q
B
K(f)‖;
and this implies qBKH is a C*-isomorphism.
Note qBH , q
B
K and q
B
KH are surjective. In case q
B
H = q
B
KH ◦qBK is a C*-isomorphism, then
qBK must be faithful and hence a C*-isomorphism and this forces q
B
KH = q
B
H ◦ (qBK)−1 to
be a C*-isomorphism. 
Notation 3.2. If B = TG we will write qGH : C∗(G) → C∗H(G) and qGKH : C∗K(G) →
C∗H(G) instead of q
TG
H : C
∗(TG)→ C∗H(TG) and qTGHK : C∗K(TG)→ C∗H(TG), respectively.
After the Corollary above, for a Fell bundle B over G the diagram (on the left below)
of inclusions of subgroups of G gives the commutative diagram of surjective morphism
of C*-algebras on the right
G Hj
J
xx♣♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣
? _oo
K
?
OO
{e}
 ?
OO
_?
oo
4 T
ff◆◆◆◆◆◆◆◆◆◆◆◆◆
C∗(B) q
B
H // //
qBe
(( ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
qBK 
C∗H(B)
qBHe
C∗K(B)
qBKH
66 66♠♠♠♠♠♠♠♠♠♠♠♠♠
qBKe
// // C∗r (B)
(3.3)
We do not know (in general) if qBKH is a C*-isomorphism if and only if q
BK
H is so, but
we will be able to prove this assuming both H and K are normal in G and B is a Fell
bundle. As a consequence of this we will get that if B is amenable then so it is BK . A
lot of work will be needed to prove this claim.
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We begin with a Lemma saying that the induction process followed by a restriction
increases the norm of integrated forms, the precise form of this claim being the following
one.
Lemma 3.4 (c.f. [7, XI 11.3]). Let B = {Bt}t∈G be a Banach *-algebraic, H ⊂ G
a subgroup and S : BH → B(YA) a non degenerate B−positive *-representation. If
T : BH → B(L2H(B) ⊗S YA) is the restriction of IndBH(S) : B → B(L2H(B) ⊗S YA), then
‖S˜f‖ ≤ ‖T˜f‖ ≤ ‖χB+H (f)‖ for all f ∈ L1(BH).
Proof. If ρ : A→ B(Z) is a faithful and non degenerate *-representation, then
IndBH(S ⊗π 1) = IndBH(S)⊗π 1
and this implies T ⊗π 1 is the restriction of IndBH(S ⊗π 1) to BH . Besides, ‖S˜f‖ =
‖(S ⊗π 1)˜f‖ and ‖T˜f‖ = ‖(T ⊗π 1)˜f‖. Hence, by replacing S with S ⊗π 1, we may
assume YA is a Hilbert space.
Since Y ≡ YA is a Hilbert space, we may use the concretely induced *-representation
IndBH↑B(S) instead of Ind
B
H(S). This has the advantage of describing L
2
H(B) ⊗S Y as
L2(ρ#,Y) (exactly as in the proof of Theorem 2.37). In [7, XI 9.9 - 9.20] Fell describes
a (continuous) action τ : B × Y → Y , (b, y) 7→ τby, with the following properties:
(1) For all s, t ∈ G, b ∈ Bs and y ∈ YtH ; τby ∈ YstH .
(2) There exists a continuous function ζ : G×G/H → R such that for all s, t ∈ G,
b ∈ Bs and y ∈ YtH ; ‖τby‖ ≤ ‖b‖‖y‖ζ(s, tH).
(3) For all s, t ∈ G and b ∈ Bs the function Bs × YtH → YstH , (b, y) 7→ τby, is
bilinear.
(4) For all f ∈ Cc(Y), s, t ∈ G and b ∈ Bs; [IndBH↑B(S)bf ](tH) = τbg(s−1tH).
(5) The *-representation S ′ : BH → B(YH), b 7→ τb|YH , is unitary equivalent to S.
Fix f ∈ Cc(BH) and g ∈ Cc(Y). Given ϕ ∈ Cc(G/H)+ such that ∫G/H ϕ2 dρ# = 1 we
have
(3.5) |〈ϕg, T˜fϕg〉 − 〈g(H), S˜fg(H)〉| ≤ |〈ϕg, T˜fϕg〉 − 〈g(H), S˜ ′fg(H)〉|
≤
∫
H
∫
G/H
|ϕ(t−1x)ϕ(x)〈g(x), τf(t)(g(t−1x))〉 − ϕ(x)2〈g(H), τf(t)g(H)〉| dρ#(x)dH(t)
≤
∫
H
∫
G/H
ϕ(x)|ϕ(t−1x)− ϕ(x)|‖g‖∞‖f(t)‖ζ(t, t−1x)dρ#(x)dH(t)+
+
∫
H
∫
G/H
ϕ(x)2|〈g(x), τf(t)(g(t−1x))〉 − 〈g(H), τf(t)g(H)〉|dρ#(x)dH(t).
Let N be the set of compact neighbourhoods of H ∈ G/H ordered by decreasing
inclusion: U ≤ V if an only if V ⊂ U. Choose, for each U ∈ N , ϕU ∈ Cc(G/H)+ with
support contained in U and
∫
G/H ϕ
2
U dρ
# = 1.
We claim that
(3.6) lim
U
sup{ϕ(x)|ϕ(t−1x)− ϕ(x)|‖g‖∞‖f(t)‖ζ(t, t−1x) : t ∈ G, x ∈ U} = 0.
Suppose this is not the case. Then there exists a subnet {Ui}i∈I of {U}U∈N , ε > 0 and
nets {ti}i∈I ⊂ G and {xi}i∈I such that: xi ∈ Ui and
(3.7) ϕ(xi)|ϕ(t−1i xi)− ϕ(xi)|‖g‖∞‖f(ti)‖ζ(ti, t−1i xi) > ε,
both conditions holding for all i ∈ I. This forces {ti}i∈I to be contained in supp(f) and
{xi}i∈I to converge to H. Thus, passing to a subnet, we may assume {ti}i∈I converges
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to a point t ∈ supp(f). Then the left hand side of (3.7) converges to
ϕ(H)|ϕ(t−1H)− ϕ(H)|‖g‖∞‖f(t)‖ζ(t, t−1H);
which is zero because t−1H = H. This proves (3.6).
Adapting the arguments of the paragraph above we can show that
lim
U
sup{ϕ(x)2|〈g(x), τf(t)(g(t−1x))〉 − 〈g(H), τf(t)g(H)〉| : t ∈ G, x ∈ U} = 0.
It then follows from (3.5) that
lim
U
〈ϕUg, T˜fϕUg〉 = 〈g(H), S˜fg(H)〉
and a similar argument implies limU〈ϕUg, ϕUg〉 = 〈g(H), g(H)〉.
We then get that for all f ∈ Cc(BH) and g ∈ Cc(Y) :
‖S˜fg(H)‖2 = 〈g(H), S˜f∗∗fg(H)〉 = lim
U
〈ϕUg, T˜f∗∗fϕUg〉 ≤ lim
U
‖T˜f‖2 lim
U
〈ϕUg, ϕUg〉
≤ ‖T˜f‖2 lim
U
〈g(H), g(H)〉 = ‖T˜f‖2‖g(H)‖2.
This implies that ‖S˜f‖ ≤ ‖T˜f‖ because the fact that Y is a Banach bundle implies
YH = {g(H) : g ∈ Cc(B)}.
Note T |BH is B−positive because (T |BH)|Be = T |Be is B−positive. Then Theo-
rem 2.16 implies ‖T˜f‖ ≤ ‖πCT (χB
+
H (f))‖ ≤ ‖χB+H (f)‖ for all f ∈ L1(BH). 
The following result implies that that given a subgroup K ⊂ G, B(C∗K(B)) contains
all the C*-algebras C∗(B+H) for closed subgroups H ⊂ K.
Corollary 3.8. Let B be a Banach *-algebraic bundle over G and consider subgroups
H ⊂ K ⊂ G. If S : BH → B(L2K(B)) is the restriction of ΛKB : B → B(L2K(B)) and
χ
B+
H
S : C
∗(B+H) → B(L2K(B)) is the unique *-representation such that χB
+
H
S ◦ χB
+
H = S˜,
then χ
B+
H
S is faithful. Moreover, if we extend the inclusion C
∗
K(B) ⊂ B(L2K(B)) to an
inclusion B(C∗K(B)) ⊂ B(L2K(B)), then χB
+
H
S (C
∗(B+H)) ⊂ B(C∗K(B)) and we may think
C∗(B+H) ⊂ B(C∗K(B)) ⊂ B(L2K(B)).
Proof. First of all note S is B−positive because it is the restriction of a *-representation
of B, so the existence of χB
+
H
S is guaranteed by the universal property of C
∗(B+H).Writing
SHK : BH → B(L2K(B)) instead of S : BH → B(L2K(B)) and using the maps q provided
by Proposition 3.1 we get qBKH ◦ SKH = SHH and, in integrated forms, qBKH ◦ S˜KH =
S˜HH . Here qBKH : B(C
∗
K(B))→ B(C∗H(B)) is the natural extension of qBKH . We then get
that
qBKH ◦ χB
+
H
SKH = χ
B+
H
SHH
and this implies that χ
B+H
SKH is faithful if χ
B+H
SHH is so. Hence to prove this Corollary we
may assume K = H and, in doing so, write S instead of SHH .
Let π : C∗(B+H) → B(Y ) be a non degenerate and faithful *-representation. Then
there exists a B−positive *-representation T : BH → B(Y ) such that π ◦ χB+H = T˜ ,
meaning that π = χ
B+H
T . By Theorem 2.59, S⊗T 1 is unitary equivalent to the restriction
to BH of IndBH(T ). Thus for all f ∈ L1(BH) we have
‖χB+H (f)‖ = ‖T˜f‖ ≤ ‖(S ⊗T 1)˜f‖ = ‖S˜f‖ ≤ ‖χB
+
H
S ◦ χB
+
H (f)‖ ≤ ‖χB+H (f)‖.
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It is then clear that χ
B+H
S is an isometry when restricted to the dense subalgebra
χ
B+
H (L1(BH)) and this implies χB
+
H
S is faithful. 
In the proof above we produced a *-representation R := IndBH(T ) of B on a Hilbert
space Z := L2H(B) ⊗T Y such that setting R′ := R|BH , R′ is B−positive and the
respective *-representation χ
B+H
R′ : C
∗(B+H)→ B(Z) is faithful. In case B is a Fell bundle,
C∗(B+H) ≡ C∗(BH) and we regard χB
+
H
R′ ≡ χBHR′ as the extension of R˜′ : L1(BH) → B(Z)
to C∗(BH). In short, if B is a Fell bundle then one may get a faithful *-representation
of C∗(BH) by integrating a restriction of a *-representation of B.
The following result gives an inclusion C∗H(B) ⊂ B(C∗(B)⊗C∗H(G)), in fact one may
take C∗K(B) instead of C∗(B), provided that H ⊂ K.
Corollary 3.9 (c.f. [5, Propositions 18.6 & 18.7]). Assume B be a Banach *-algebraic
bundle over G, we have closed subgroups H ⊂ K ⊂ G and at least one of the conditions
(1), (2) or (3) of Corollary 2.56 holds. Consider the integrated (universal) systems
of imprimitivity (L2K(B),ΛKB, ψKB) and (L2H(G), UHG, ψHG) for B and G, respectively.
Then the *-representation
ΨBKH := πΛKBUHG : C
∗
H(B)→ B(C∗K(B)⊗ C∗H(G))
provided by Corollary 2.56 is faithful.
Proof. Let qBKH : C
∗
K(B) → C∗H(B) be the map provided by Proposition 3.1. Then
qBKH ⊗ 1C∗H(G) ◦ΨBKH = ΨBHH and it suffices to prove
ΨBHH : C
∗
H(B)→ B(C∗H(B)⊗ C∗H(G))
is faithful.
We denote V the trivial representation of G on C (Vt = 1) and V
′ the restriction of V
to H. Take a non degenerate *-representation R : B → B(Z) as the one we constructed
before stating the corollary we are trying to prove; we also set R′ := R|BH . Then R′⊗V ′
is unitary equivalent to R′ and this implies χ
B+
H
R′⊗V ′ is unitary equivalent to χ
B+
H
R′ and so
it is also faithful. Hence FExell’s Absorption Principle I implies, for all f ∈ L1(B),
(3.10) ‖Λ˜HBf ‖ = ‖Λ˜HBf ⊗R′⊗V ′ 1‖ = ‖I˜nd
B
H(R
′ ⊗ V ′)f‖ ≤ ‖(R⊗ IndGH(V ′))˜f‖.
Consider the (unique) *-representation ρ : C∗H(B) → B(Z) such that ρ ◦ Λ˜HB = R˜
(recall R is induced from a B−positive *-representation of BH). Notice that ρ is non de-
generate and ρ◦ΛHB = R. Let µ : C∗H(G)→ B(L2H(G)⊗V ′C) the unique *-representation
such that µ ◦ U˜HG = I˜ndGH(V ′); which is also the unique non degenerate one such that
µ ◦ UHG = IndGH(V ′). By construction, the non degenerate *-representation
ρ⊗ µ : C∗H(B)⊗ C∗H(G)→ B(Z ⊗ (L2H(G)⊗V ′ B))
satisfies, for all r ∈ G and b ∈ Br,
ρ⊗ µ ◦ΨBHH(ΛHBb ) = ρ⊗ µ(ΛHBb ⊗ UHGr ) = Rb ⊗ IndGH(V ′)r = (R⊗ IndGH(V ′))b.
Then, for all f ∈ L1(B),
ρ⊗ µ ◦ΨBHH(Λ˜HBf ) = (R⊗ IndGH(V ′))˜f .
This last identity together with (3.10) gives
‖Λ˜HBf ‖ ≤ ‖ρ⊗ µ ◦ΨBHH(Λ˜HBf )‖ ≤ ‖ΨBHH(Λ˜HBf )‖ ≤ ‖Λ˜HBf ‖
for all f ∈ L1(B). Thus ΨBHH is an isometry and the proof is complete. 
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It is important to note the defining properties of the maps ΨBHK are the non degen-
eracy and that fact that
ΨBHK(Λ
HB
b ) = Λ
KB
b ⊗ UHGs ∀ b ∈ Bs, s ∈ G.
Corollary 3.11. Let B be a Banach *-algebraic bundle over G and consider subgroups
H ⊂ K ⊂ G. If qGHK is injective and either (a) B is saturated or (b) both H and K are
normal, then qBHK is faithful. In particular, if B is a Fell bundle over G and we put
H = {e} and K = G, this says B is amenable if G is amenable.
Proof. The defining property for the Ψ maps and the notation adopted in 3.2 implies
the diagram
C∗K(B)
ΨBGK //
qBKH

B(C∗(B)⊗ C∗K(G))
1⊗qGKH

C∗H(B)
ΨBGH
// B(C∗(B)⊗ C∗H(G))
commutes. The horizontal arrows are isometries and the vertical arrow on the right is
an isomorphism, thus qBKH is a C*-isomorphism. 
3.1. Amenability and reductions to normal subgroups. The main goal of this
section is to show that if B is a Fell bundle over G and both H and K are normal
subgroups of G with H ⊂ K, then qBKH : C∗(BK) → C∗H(BK) is a C*-isomorphism if
and only if qBKH : C
∗
K(B) → C∗H(B) is a C*-isomorphism. To do this we first show the
following.
Theorem 3.12. Let B be a Fell bundle over G and consider two subgroups of G
such that H ⊂ K. If we define S := ΛHB|BK : BK → B(L2H(B)) and there exists a
*-representation π : C∗H(BK)→ B(L2H(B)) such that
(3.13) L1(BK) S˜ //
χ
BK

B(L2H(B))
C∗(BK)
q
BK
H
// C∗H(BK)
π
OO
commutes, then π is unique, faithful, non degenerate, π(C∗H(BK)) ⊂ B(C∗H(B)) and π is
the unique non degenerate *-representation such that π(ΛHBKb ) = Λ
HB
b for all b ∈ BK ,
with π : B(C∗H(BK)) → B(C∗H(B)) being the unique *-representation extending π. Such
a map π exists if both H and K are normal in G.
Proof. By Theorem 2.15 C∗(BH) = C∗(B+H), C∗(BK) = C∗(B+K) and C∗((BK)+H) =
C∗(B+H) = C∗(BH). Assume π exists. Then (3.13) determines π in the dense set
qBKH (χ
BK (L1(BK)) and so it is unique. The diagram also implies the image of π is
the closure of S˜(L1(BK)), which is a non degenerate *-subalgebra of B(L2H(B)) because
S is non degenerate. Thus π is non degenerate. The inclusion π(C∗H(BK)) ⊂ B(C∗H(B))
follows by regarding S as a *-representation of BK in B(C∗H(B)).
To prove the identity π(ΛHBKb ) = Λ
HB
b (for all b ∈ B) we name P the *-representation
BK → B(L2H(B)) given by b 7→ π(ΛHBKb ). Then
(3.14) P˜ = π ◦ (ΛHBK |BK )˜ = π ◦ qBKH ◦ χBK = π ◦ qBKH ◦ χBK = S˜.
Thus P and S have the same integrated form and P = S, this being the identity we
wanted to prove. In fact (3.14) can also be used to show that any non degenerate
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*-representation π : C∗H(BK) → B(L2H(B)) satisfying π(ΛHBKb ) = ΛHBb (for all b ∈ B)
will also satisfy π ◦ qBKH ◦ χBK = S˜, making (3.13) a commutative diagram.
To show that π is faithful recall it is contractive and that the induction in stages for
Fell bundles 2.62 gives S = ΛHB|BK = IndBK(ΛHBK )|BK . Then by Lemma 3.4 we have,
for all f ∈ L1(BK),
(3.15) ‖Λ˜HBKf ‖ = ‖qBKH ◦ χBK (f)‖ ≥ ‖π(qBKH ◦ χBK (f))‖ = ‖S˜f‖ ≥ ‖Λ˜HBKf ‖.
Thus π is isometric on a dense set, and it must be faithful.
The discussion above implies that π exists if and only if ‖S˜f‖ ≤ ‖Λ˜HBKf ‖ for all
f ∈ Cc(BK). This is what we will now prove assuming both H and K are normal in G.
Since K is normal in G we have ∆G(s) = ∆K(s) for all s ∈ K, in particular this
holds for all s ∈ H. Besides, H is normal in G and K, so ∆G(s) = ∆K(s) = ∆H(s)
for all s ∈ H. Let ΓGK : G → (0,+∞) be the function such that for all a ∈ Cc(K)
and r ∈ G, ∫K a(trt−1) dKr = ΓGK(t) ∫K a(r) dKr (see [7, III 8.3]). We define ΓGH
analogously, viewing H as a normal subgroup of G. We consider the left invariant Haar
measures of G,K and G/K have been chosen so that∫
G
a(r) dGr =
∫
G/K
∫
K
a(rt) dKt dG/K(rK), ∀ a ∈ Cc(G).
Fix f ∈ Cc(BK) and take g ∈ Cc(B). Recall that L2H(B) is constructed out of Cc(B)
by using the Cc(BH)−valued pre inner product [g, h] = pGH(g∗ ∗ h) (with g, h ∈ Cc(B),
see Remark 2.22). We want to prove that
(3.16) 〈g, S˜f∗∗f (g)〉 ≤ ‖Λ˜HBKf∗∗f ‖〈g, g〉.
Take a non degenerate *-representation T : B → B(Y ) such that the integrated form
T˜ : L1(B) → B(Y ) factors via a faithful *-representation χBT : C∗(B) → B(Y ). Recall
that L2G(B) ≡ C∗(B) and this identification gives a unitary equivalence L2G(B) ⊗T
Y ≈ Y. Now Corollary 3.8 says the restriction T |BH : BH → B(Y ) integrates to a
*-representation L1(BH) → B(Y ) that factors through a faithful *-representation of
ρ : C∗(BH)→ B(Y ). Thus to prove (3.16) it suffices to show that
(3.17) 〈ξ, ρ(〈g, S˜f∗∗f (g)〉)ξ〉 ≤ ‖Λ˜HBKf∗∗f ‖〈ξ, ρ(〈g, g〉)ξ〉,
for all ξ ∈ Y. By the definition of ρ the identity above is equivalent to∫
H
∫
K
〈ξ, TpGH(g∗∗(f∗∗f(t)g))(s)ξ〉 dKtdHs ≤ ‖Λ˜
HBK
f∗∗f ‖
∫
H
〈ξ, TpGH(g∗∗g)(s)ξ〉 dHs.
By construction the left hand side of (3.12) is
(3.18)
∫
H
∫
K
∫
G
〈Tg(r)ξ, Tf∗∗f(t)Tg(t−1rs)ξ〉 dGr dKt dHs =
=
∫
G/K
∫
K
∫
H
∫
K
〈Tg(rp)ξ, Tf∗∗f(t)Tg(t−1rps)ξ〉 dKt dHs dKp dG/K(rK)
=
∫
G/K
∫
K
∫
H
∫
K
ΓGK(r)〈Tg(pr)ξ, Tf∗∗f(t)Tg(t−1prs)ξ〉 dKt dHs dKp dG/K(rK)
=
∫
G/K
∫
K
∫
H
∫
K
ΓGK(r)ΓGH(r)〈Tg(pr)ξ, Tf∗∗f(t)Tg(t−1psr)ξ〉 dKt dHs dKp dG/K(rK).
What we want to do now is to describe the inner triple integral in the last term above
as an inner product. To do this we fix a coset rK, we even consider r fixed.
Let κ : H → B be the trivial representation, set W := L2H(K) ⊗κ C, U := IndKH(κ)
and consider the map L : Cc(K, Y ⊗K C) → B(Y ⊗K W ) constructed in the proof of
Theorem 2.44. Recall that Y ⊗K C = ℓ2(K)⊗Y ⊗C. Given any u, v ∈ Cc(K), η, ζ ∈ Y
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and q, z ∈ K we consider the elements ϕ := u⊙ (δz ⊗ η ⊗ 1) and θ := v ⊙ (δz ⊗ ζ ⊗ 1)
of Cc(K, Y ⊗K C). Then
〈L(ϕ), (1ℓ2(K) ⊗ (T ⊗ U))f∗∗f(t)L(θ)〉 =
= 〈δq ⊗ η ⊗ (u⊗κ 1), (1ℓ2(K) ⊗ (T ⊗ U))f∗∗f(t)(δz ⊗ ζ ⊗ (v ⊗κ 1))〉
= 〈δq ⊗ η ⊗ (u⊗κ 1), δz ⊗ Tf∗∗f(t)ζ ⊗ (UHKt (v)⊗κ 1)〉
= 〈δq, δz〉〈η, Tf∗∗f(t)ζ〉〈u⊗κ 1, UHKt (v)⊗κ 1〉
= 〈δq, δz〉〈η, Tf∗∗f(t)ζ〉
∫
K
∫
H
u(p)v(t−1p−1s) dKp dHs
=
∫
K
∫
H
〈ϕ(p), (1⊗ℓ2(K) ⊗Tf∗∗f(t) ⊗ 1)θ(t−1p−1s)〉 dKp dHs.
The first and last terms of the identities above are additive and continuous in the
inductive limit topology with respect to the variables ϕ and θ. Thus by continuity we
get that
〈L(ϕ), (1ℓ2(K) ⊗ (T ⊗ U))f∗∗f(t)L(θ)〉 =
=
∫
K
∫
H
〈ϕ(p), (1⊗ℓ2(K) ⊗Tf∗∗f(t) ⊗ 1)θ(t−1p−1s)〉 dKp dHs
for all ϕ, θ ∈ Cc(K, Y ⊗K C).
Define hr ∈ Cc(K, Y ⊗KC) by hr(s) = δr⊗Tg(sr)ξ⊗Γ1/2GK(r)Γ1/2GH(r). Then the identity
above and Corollary 2.56 imply
∫
K
∫
H
∫
K
ΓGK(r)ΓGH(r)〈Tg(pr)ξ, Tf∗∗f(t)Tg(t−1psr)ξ〉 dKt dHs dKp =
=
∫
K
∫
H
∫
K
〈hr(p), (1⊗ℓ2(K) ⊗Tf∗∗f(t) ⊗ 1)hr(t−1ps)〉 dKp dHs dKt
=
∫
K
〈L(hr), (1ℓ2(K) ⊗ (T ⊗ U))f∗∗f(t)L(hr)〉 dKt
= 〈L(hr), (1ℓ2(K) ⊗ (T ⊗ U))˜f∗∗fL(hr)〉
≤ ‖(T ⊗ U )˜f∗∗f‖〈L(hr), L(hr)〉 ≤ ‖Λ˜HKf∗∗f‖〈L(hr), L(hr)〉
≤ ‖Λ˜HKf∗∗f‖
∫
K
∫
H
ΓGK(r)ΓGH(r)〈Tg(pr)ξ, Tg(psr)ξ〉 dHs dKp
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If we now go back to (3.18) and (3.17) and use the inequality we obtained before we
get
〈ξ, ρ(〈g, S˜f∗∗f(g)〉)ξ〉 =
∫
H
∫
K
〈ξ, TpG
H
(g∗∗(f∗∗f(t)g))(s)ξ〉 dKtdHs
=
∫
G/K
∫
K
∫
H
∫
K
ΓGK(r)ΓGH(r)〈Tg(pr)ξ, Tf∗∗f(t)Tg(t−1psr)ξ〉 dKt dHs dKp dG/K(rK)
≤ ‖Λ˜HKf∗∗f‖
∫
G/K
∫
K
∫
H
ΓGK(r)ΓGH(r)〈Tg(pr)ξ, Tg(psr)ξ〉 dHs dKp dG/K(rK)
≤ ‖Λ˜HKf∗∗f‖
∫
G/K
∫
K
∫
H
ΓGK(r)ΓGH(r)〈Tg(pr)ξ, Tg(prr−1sr)ξ〉 dHs dKp dG/K(rK)
≤ ‖Λ˜HKf∗∗f‖
∫
G/K
∫
K
∫
H
ΓGK(r)〈Tg(rr−1pr)ξ, Tg(rr−1prs)ξ〉 dHs dKp dG/K(rK)
≤ ‖Λ˜HKf∗∗f‖
∫
G/K
∫
K
∫
H
〈Tg(rp)ξ, Tg(rps)ξ〉 dHs dKp dG/K(rK)
≤ ‖Λ˜HKf∗∗f‖
∫
G
∫
H
〈Tg(r)ξ, Tg(rs)ξ〉 dHsdGr ≤ ‖Λ˜HKf∗∗f‖
∫
H
〈ξ, Tg∗∗g(s)ξ〉 dHs
≤ ‖Λ˜HKf∗∗f‖〈ξ, ρ(〈g, g〉)ξ〉.
Thus (3.16) holds and the proof is complete. 
We now can prove one of the main results of this article.
Theorem 3.19. Let B be a Fell bundle over G and take normal subgroups H ⊂ K ⊂
N ⊂ G. Define the maps qBKH : C∗K(B) → C∗H(B) and qBNKH : C∗K(BN ) → C∗H(BN ) as in
Proposition 3.1. If qBKH is a C*-isomorphism then q
BN
KH is so (and the converse holds,
by Proposition3.1, if K = N). In particular,
(1) If H = {e}, then the fact of the canonical map qBKH : C∗K(B) → C∗r (B) being a
C*-isomorphism implies qBNKH : C
∗
K(BN )→ C∗r (BN ) is so.
(2) If B is amenable then so it is BN .
Proof. By Theorem 3.12 there exists non degenerate and faithful *-representations
πK : C
∗
K(BN ) → B(C∗K(B)) and πH : C∗H(BN ) → B(C∗H(B)) such that π(ΛKBNb ) = ΛKBb
and πH(Λ
HBN
b ) = Λ
HB
b for all b ∈ BN . We claim the diagram below commutes:
C∗K(BN )
πK //
q
BN
KH

B(C∗K(B))
qB
KH

C∗H(BN) πH // B(C∗H(B))
Indeed, for all f ∈ L1(BN) we have
qBKH ◦ πK(χBN (f)) = qBHK(Λ˜KBf ) = (qBHK ◦ ΛKB)˜f = Λ˜HBf = (πH ◦ ΛHBN )˜f
= πH ◦ qBNKH(χBK (f)).
Thus qBHK ◦ πK = πH ◦ qBNKH because both maps are continuous and agree on a dense
set.
Now, if qBKH is a C*-isomorphism then πH ◦ qBNKH is faithful. This implies qBNKH is
faithful and also a C*-isomorphism (recall it is surjective). 
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4. C*-completions of Banach *-algebraic bundles
In this section we deal with C*-completions of a Banach *-algebraic bundle (other
that the bundle C*-completion). We will use Definitions 1.4 and 1.5, the notation we
adopted after them and the definition of the integrated form of a morphism of Banach
*-algebraic bundles.
Proposition 4.1. Let B = {Bt}t∈G be a Banach *-algebraic bundle and consider two
C*-completions, ι : B → A and κ : B → C. Then there exists a morphism ρ : ι → κ if
and only if ‖κ(b)‖ ≤ ‖ι(b)‖ for all b ∈ Be. In fact the morphism is unique (if it exists)
and it is an isomorphism if and only if ‖ι(b)‖ = ‖κ(b)‖ for all b ∈ Be.
Proof. If ρ : ι → κ is a morphism then ‖ρ‖ ≤ 1 and this gives ‖κ(b)‖ = ‖ρ(ι(b))‖ ≤
‖ι(b)‖ for all b ∈ Be.
Assume, conversely, that ‖κ(b)‖ ≤ ‖ι(b)‖ for all b ∈ Be. Then for all b ∈ B we have
‖κ(b)‖ = ‖κ(b∗b)‖1/2 ≤ ‖ι(b∗b)‖1/2 = ‖ι(b)‖. This last inequality, together with the fact
that ι(Bt) is a dense subspace of At, implies the existence (for all t ∈ G) of a unique
continuous linear map ρt : At → Ct such that ρt(ι(b)) = κ(b) for all b ∈ Bt.
Let ρ = {ρt}t∈G : C → D be the unique extension of all the maps ρt. Then Remark 1.6
together with [7, II 13.16] implies ρ is continuous. It is also multiplicative and preserves
the involution when restricted to the dense set ι(B), thus ρ : ι→ κ is a morphism and
it is unique because the condition ρ ◦ ι = κ determines ι in the dense set ι(B). The
isomorphism claim follows immediately. 
The Proposition above motivates the following Definition.
Definition 4.2. Given a Banach *-algebraic bundle B = {Bt}t∈G and a C*-completion
ρ : Be → A, a ρ−completion of B is a C*-completion ι : B → A such that ιe = ρ.
We now combine the induction process with the existence of particular C*-completion
of Banach *-algebraic bundles.
Theorem 4.3. Let B = {Bt}t∈G be a Banach *-algebraic bundle and let π : Be → A be
a C*-completion, which we regard as a *-representation π : Be → A ⊂ B(A). Then the
following are equivalent:
(1) There exists a π−completion of B.
(2) π is B−positive and π(c∗b∗bc) ≤ ‖π(b∗b)‖π(c∗c) for all b, c ∈ B.
(3) For every b, c ∈ B it follows that 0 ≤ π(c∗b∗bc) ≤ ‖π(b∗b)‖π(c∗c).
(4) π is B−positive and ‖IndB{e}(π)b‖ ≤ ‖π(b)‖ for all b ∈ Be.
(5) π is B−positive and ‖IndB{e}(π)b‖ = ‖π(b)‖ for all b ∈ Be.
(6) There exists a non degenerate *-representation T : B → B(Y ) (Y being a Hilbert
space) such that ‖π(b)‖ = ‖Tb‖ for all b ∈ Be.
(7) There exists a *-representation T : B → B(YA) such that ‖π(b)‖ = ‖Tb‖ for all
b ∈ Be.
Proof. By Theorem 2.15 π is B−positive if and only if π(b∗b) ≥ 0 for all b ∈ B. Thus
(2) implies (3) and the existence of approximate units guarantees the converse.
If (1) holds, then π is B−positive because for all b ∈ B we have π(b∗b) = ι(b)∗ι(b) ≥ 0.
If we replace the topology of G by the discrete one, then A becomes a Fell bundle over
a discrete group and using [5, Lemma 17.2] we deduce that a∗b∗ba ≤ ‖b∗b‖a∗a (in Ae)
for all a, b ∈ A (no matter which topology we consider on G). Thus for all b, c ∈ B we
have π(c∗b∗bc) = ι(c)∗ι(b)∗ι(b)ι(c) ≤ ‖ι(b∗b)‖ι(c)∗ι(c) = ‖π(b∗b)‖π(c∗c). This shows (1)
implies both (2) and (3).
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We now assume (2) holds and will prove (4). Clearly π is B−positive. Noticing that
the inner product of L2e(B) ⊗π A is given by 〈f ⊗π a, g ⊗π b〉 =
∫
G a
∗π(f(t)∗g(t))b dt,
using (2) it follows that for all ζ =
∑n
j=1 fj ⊗π π(aj) ∈ L2e(B)⊗π A (with aj ∈ Be) and
all b ∈ B
〈IndBe (π)bζ, IndBe (π)bζ〉 =
∫
G
π((
n∑
j=1
ajfj(t))
∗b∗b(
n∑
k=1
akfk(t))) ≤ ‖π(b∗b)‖〈ζ, ζ〉.
Since π(Be) dense in A it follows that ‖IndBe (π)b‖2 ≤ ‖π(b∗b)‖.
If we now assume (4) holds and take a non degenerate and faithful *-representation
ρ : A → B(Z), then recalling that the abstract induced representation IndBe (π ⊗ρ 1)
is unitary equivalent to the concretely induced representation IndBe↑B(π ⊗ρ 1) and
using [7, XI 11.3] we get that
‖π(a)‖ = ‖(π ⊗ρ 1)(a)‖ ≤ ‖IndBe↑B(π ⊗ρ 1)a‖ = ‖IndBe (π ⊗ρ 1)a‖ = ‖IndBe (π)a‖
for all a ∈ Be. Then (5) follows and it implies (6) with T = IndBe (π⊗ρ 1); which in turn
trivially implies (7).
Finally, assume (7). To prove (1) follow the procedure described in [7, VIII 16.7]
but using the norm ‖ ‖T : B → R, b 7→ ‖Tb‖, instead of the norm ‖ ‖c used by Fell.
When Fell says “form the Hilbert direct sum T of enough *-representations of B so that
‖Tb‖ = ‖b‖c” just consider the *-representation T given by claim (7). This produces a
C*-completion ι : B → C in such a way that Ce is naturally isomorphic to the closure
of T (Be). But claim (7) implies the existence of a unique isomorphism of C*-algebras
φ : A→ Ce such that φ ◦ π = ι|Be . Then we may replace Ce by A in C = {Ct}t∈G and
ιe by π in ι = {ιt}t∈G to get a C*-completion as in claim (1). 
Remark 4.4. The Theorem above implies that if B is a Fell bundle then there exists a
*-representation T : B → B(Y ) with ‖Tb‖ = ‖b‖ for all b ∈ Be. Hence, for all b ∈ B,
‖Tb‖ = ‖Tb∗b‖1/2 = ‖b∗b‖1/2 = ‖b‖. This is the property used by Fell in [7, VIII 16.10]
to prove every Fell bundle is it’s own bundle C*-completion.
Remark 4.5 (Universal property of the bundle C*-completion). Let B = {Bt}t∈G be a
Banach *-algebraic bundle and let ι : B → C be it’s bundle C*-completion. For any
other C*-completion κ : B → A there exists a *-representation T : A → B(Z) such
that ‖Ta‖ = ‖a‖ for all a ∈ A. Consequently, T ◦ κ is a *-representation of B and
the construction of C implies ‖κ(b)‖ = ‖T ◦ κ(b)‖ ≤ ‖ι(b)‖ for all b ∈ Be. Then
Proposition 4.1 implies the existence of a unique morphism ρ : C → A. So the bundle
C*-completion is the universal C*-completion of B, and we denote it ιu : B → Bu. It
then follows immediately that every Fell bundle is it’s own bundle C*-completion (as
already noticed by Fell).
Considering a fixed group G and a subgroup H of G, the proposition below can be
used to construct functors
( B ρ // C ) 7→ ( C∗(B+H)
χ
ρ+
H
// C∗(C+H) )
( B ρ // C ) 7→ ( C∗H(B)
χ
ρ
H // C∗H(C) )
from the category of Banach *-algebraic bundles over G to the category of C*-algebras.
Proposition 4.6. Let B = {Bt}t∈G and C = {Ct}t∈G be Banach *-algebraic bundles,
H ⊂ G a subgroup and ρ : B → C a morphism of Banach *-algebraic bundles. Denote
ρH : BH → CH the morphism such that ρH(b) = ρ(b) for all b ∈ BH . If either B is
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saturated or H is normal in G, then there exists unique morphism of *-algebras χρ
+
H
and χρH such that the following diagrams commute
L1(BH) ρ˜H //
χ
B
+
H

L1(CH)
χ
C
+
H

C∗(B+H)
χ
ρ+
H
// C(C+H)
C∗(B) χ
ρ
//
qBH

C∗(C)
qCH

C∗H(B)
χ
ρ
H
// C∗H(C)
(4.7)
In case χρ
+
H is faithful then so it is χρH . If ρ : B → C is a C*-completion then both χρ
+
H
and χρH are surjective maps and they are C*-isomorphism if ρ is the canonical map
from a Banach *-algebraic bundle to it’s bundle C*-completion.
If both B and C are Fell bundles and H = {e}, the statements above imply the unique
extension of ρ˜ : L1(B)→ L1(C) to a morphism of C*-algebras C∗r (B)→ C∗r (C) is faithful
whenever ρe : Be → Ce is so (because ρe = χρH ).
Proof. The uniqueness of the morphism follows from the commutativity of the diagrams
and the fact that the both χB
+
H and qBH have dense ranges. To prove the existence of
χ
ρ+
H we may regard C∗(C+H) as a non degenerate C*-subalgebra of B(Y ), for some
Hilbert space Y. This entails the existence of a non degenerate and C−positive *-
representation T : CH → B(Y ) such that the *-representation χC
+
H
T : C
∗(C+H) → B(Y ) is
just the inclusion map. Then T ◦ ρH is B−positive by Theorem 2.15 and there exists a
morphism of *-algebras χ
B+H
T : C
∗(B+H)→ B(Y ) such that χB
+
H
T ◦χB
+
H = (T ◦ρH )˜ = T˜ ◦ρ˜H .
Thus χ
B+H
T (C
∗(B+H)) ⊂ C∗(C+H) and it suffices to set χρ
+
H := χ
B+H
T to prove the existence
of the morphism χρ
+
H with the desired properties.
By Lemma 3.4 there exists a non degenerate *-representation T : C → B(Y ) such that
the restriction S := T |CH is non degenerate and χC
+
H
S : C
∗(C+H)→ B(Y ) is faithful. Recall
that, by construction, χ
C+H
S ◦ χC
+
H = S˜. Let κ : H → C be the trivial representation, set
U := IndGH(κ) and consider the *-representation πTκ : C
∗
H(C) → B(Y ⊗ (L2H(G)⊗κ C))
of Corollary 2.56. Then, by Theorem 2.44,
‖Λ˜HCf ‖ = ‖Λ˜HCf ⊗S⊗κ 1‖ = ‖IndCH(S ⊗ κ)f‖ ≤ ‖(T ⊗ U )˜f‖ = ‖πTκ(Λ˜HCf )‖ ≤ ‖Λ˜HCf ‖
for all f ∈ L1(C). We conclude that πTκ is faithful.
Although the composition T ◦ ρ : B → B(Y ) may be degenerate, by restricting to
it’s essential space and applying Corollary 2.56, we can construct a *-representation
π(T◦ρ)κ : C
∗
H(B)→ B(Y ⊗ (L2H(G)⊗κ C)) such that π(T◦ρ)κ ◦ Λ˜HB = (T ◦ ρ⊗ U )˜ . Since
πTκ ◦ Λ˜HC ◦ ρ˜ = (T ◦ ρ⊗ U )˜ = π(T◦ρ)κ ◦ Λ˜HB, for all f ∈ L1(B) we have
(4.8) ‖Λ˜HCρ˜(f)‖ = ‖πTκ ◦ Λ˜HC ◦ ρ˜(f)‖ = ‖π(T◦ρ)κ(Λ˜HBf )‖ ≤ ‖Λ˜HBf ‖.
Then we can construct a morphism of *-algebras Λ˜HB(L1(B)) → C∗H(C) mapping
Λ˜HBf to Λ˜
HC
ρ˜(f)
and this morphism if contractive with respect to the C*-norm inherited
from C∗H(B). Thus the morphism has a unique extension to a morphism of C*-algebras
χ
ρ
H : C
∗
H(B)→ C∗H(C) such that χρH ◦ Λ˜HB = Λ˜HC ◦ ρ˜. Hence, for all f ∈ L1(B),
χ
ρ
H ◦ qBH(Λ˜GBf ) = χρH ◦ Λ˜HBf = Λ˜HC ◦ ρ˜(f) = qCH(Λ˜GC ◦ ρ˜(f)) = qCH ◦ χρ(Λ˜GBf ),
and it follows that χρH ◦ qBH = qCH ◦ χρ.
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Assume χρ
+
H is faithful. Then χ
C+H
S ◦χρ
+
H ◦χB+H = χC
+
H
S ◦χC
+
H ◦ ρ˜H = S˜ ◦ ρ˜H = (T ◦ρ|BH )˜ ,
and this implies ‖χB+H (f)‖ = ‖(T ◦ ρ|BH )˜f‖ = ‖[(T ◦ ρ|BH ) ⊗ κ]˜f‖ for all f ∈ L1(BH).
This implies the inequality in (4.8) is an equality and, in this case, our construction
of χρH implies it is faithful (to prove this claim follow our proof of the fact that πTκ is
faithful).
Suppose ρ : B → C is a C*-completion. Then both ρ˜ and ρ˜H have dense images and
this implies χρ
+
H and χρH have dense images and hence are surjective maps. 
4.1. Cross sectional bundles, C*-completions and induction. Let’s fix, for the
rest to this section, a Banach *-algebraic bundle B = {Bt}t∈G (with a strong approxi-
mate unit, of course) and also a closed normal subgroup N of G. We will briefly recall
the main properties of the L1−cross sectional bundle over G/N derived from B, the
detailed construction can found in [7, VIII 6].
We regard the quotient group G/N = {tN : t ∈ G} as a LCH topological group
with the quotient topology. Given a coset α = tN (t ∈ G) let να be the regular Borel
measure on tN such that
∫
α f(x) dνα(x) =
∫
N f(tx) dNx for all f ∈ Cc(tN). Here dNx is
the integration with respect to a (fixed) left invariant Haar Measure of N. There is no
ambiguity in the definition of να because the left invariance of dN implies the function
tN → R, r 7→ ∫N f(rx) dNx, is constant.
For every function f ∈ Cc(G) we define f 0 : G → C as f 0(t) := ∫N f(tx) dNx =∫
tN f(x)dνtN (x). It can be shown that f
0 is continuous and constant in the cosets, so
it defines a function f 00 ∈ C(G/N) that vanishes outside the projection of supp(f) on
G/N. Then, by construction,∫
G/N
f 00(x) dG/Nx =
∫
G/N
dG/N tN
∫
N
f(ts) dNs.
Throughout this work we assume the left invariant Haar measures of G, N and G/N
are normalized in such a way that for all f ∈ Cc(G)
(4.9)
∫
G
f(t) dGt =
∫
G/N
dG/N tN
∫
N
f(ts) dNs,
exactly as in [7, VIII 6.7]. In case G is a product H×K, N = H and K = (H×K)/H ;
we meet this requirement by considering the product measure dG(r, s) = dHr × dKs.
By [7, VIII 6.5] there exists a unique continuous homomorphism Γ: G → (0,+∞)
such that ∫
N
f(xyx−1) dNy = Γ(x)
∫
N
f(y) dNy, ∀ x ∈ G, f ∈ Cc(N).
In case G is a product group H ×K and N = H one has Γ(r, s) = ∆H(r), where ∆H
is the modular function of H.
The L1−partial cross sectional bundle over G/N derived from B, C = {Cα}α∈G/N , is
determined by the following properties:
• For every α ∈ G/N, if Bα = {Bt}t∈α is the reduction of B to α, then Cα is the
completion of Cc(Bα) with respect to the norm ‖f‖1 = ∫α ‖f(t)‖ dνα(t).
• For every r, s ∈ G, f ∈ Cc(BrN) and g ∈ Cc(BsN), the product f ∗ g ∈
Cc(BrsN) ⊂ CrsN and the involution f ∗ ∈ Cc(Br−1N) are determined by f ∗
g(x) =
∫
rN f(y)g(y
−1x) dνrN(y) and f
∗(z) = Γ(z)−1f(z−1)∗, for all x ∈ rsN
and z ∈ r−1N.
• Given f ∈ Cc(B), if f | : G/N → C is given by the restriction f |(α) := f |α, then
f | is a continuous cross section.
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Notation 4.10. The L1−partial cross sectional bundle over G/N derived from B will
be denoted L1(B, N) = {L1(Bα)}α∈G/N . This is more than just a notation because if
given the coset α ∈ G/H we denote by Bα the reduction of B to α, then Bα is a Banach
bundle and L1(Bα) is (constructively and symbolically) the completion of Cc(Bα) with
respect to ‖ ‖1. The usual L1−cross sectional algebra of B may be regarded (notationally
and concretely) as L1(B, G) and the bundle B itself as L1(B, {e}).
Remark 4.11. Our conventions (C) state that B has a strong approximate unit, this is
also the case for L1(B, N) by [7, VIII 6.9].
Remark 4.12. The set {f | : f ∈ Cc(B)} ⊂ Cc(L1(B, N)) is dense in Cc(L1(B, N)) with
respect to the inductive limit topology by [7, II 14.6] and, consequently, it is dense in
L1(L1(B, N)).
Remark 4.13. It is shown in [7, VIII 6.7] that there exists a unique isometric isomor-
phism of Banach *-algebras Φ: L1(B) → L1(L1(B, N)) such that Φ(f) = f |, for all
f ∈ Cc(B).
Given a *-representation T : B → B(YA) we can follow [7, VIII 15.9] and construct a
(unique) *-representation
(4.14) L1(T,N) : L1(B, N)→ B(YA)
such that for every coset α ∈ G/N, f ∈ Cc(Bα) and ξ ∈ YA,
L1(T,N)fξ =
∫
G
Tf(t)ξ dνα(t).
If Φ: L1(B)→ L1(L1(B, N)) is the isomorphism of Remark 4.13, then L˜1(T,N)◦Φ = T˜ ;
L˜1(T,N) being the integrated form of L1(T,N).
In case we are given a non degenerate *-representation S : L1(B, N) → B(YA), the
composition S˜ ◦ Φ: L1(B) → B(YA) is a non degenerate *-representation that can
be disintegrated (uniquely) to a *-representation T : B → B(YA). Thus we obtain T˜ =
S˜ ◦Φ, implying both T˜ and T are non degenerate. Moreover, L˜1(T,N)◦Φ = T˜ = S˜ ◦Φ.
Thus L˜1(T,N) = S˜ and this implies L1(T,N) = S.
Any subgroup of G/N can be expressed as H/N for a unique subgroup H of G
containing N. Then we obtain the identity of Banach *-algebraic bundles
L1(BH , N) ≡ {L1(Bα)}α∈H/N ≡ L1(B, N)H/N ;
and we have an isometric isomorphism of Banach *-algebras
ΦH : L1(BH)→ L1(L1(BH , N)) ≡ L1(L1(B, N)H/N );
which for H = G is just the isomorphism L1(B) ∼= L1(L1(B, N)) we have considered
before.
The equivalence of the representations theories of B and L1(B, N) now reduces to a
correspondence T ! L1(T,N) between non degenerate *-representations of BH and
L1(BH , N) ≡ L1(B, N)H/N .
Given a *-representation T : BH → B(YA) and a faithful *-representation ρ : A →
B(Z) we have L1(T,N)⊗ρ 1 = L1(T ⊗ρ 1, N). Hence by Theorem 2.15 and [7, XI 12.7]
the following are equivalent:
(1) L1(T,N) is L1(B, N)−positive.
(2) L1(T ⊗ρ 1, N) is L1(B, N)−positive.
(3) T ⊗ρ 1 is B−positive.
(4) T is B−positive.
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The equivalence of the claims above should be kept in mind, as we will use it quite
frequently without explicit mention.
We want to stress two points. Firstly, when determining positivity of *-representations
we may restrict to the essential space (and assume non degeneracy) because we are as-
suming B has a strong approximate unit. Secondly, [7, XI 12.7] is stated for non
degenerate *-representation and so can be extended to our context by the previous
comment. In fact Fell begins the proof of [7, XI 12.7] adopting “Rieffel’s formulation
of the inducing process” meaning he is using the abstract inducing process, i.e. the
process we have been working with. Hence, all the computations of [7, XI 12.7] hold
verbatim replacing IndBH↑B by Ind
B
H (concrete by abstract) and even considering repre-
sentations on Hilbert modules. In particular equation (6) in [7, pp 1164] becomes (in
our notation)
(4.15) L˜1(T,N)
p
G/N
H/N
(Φ(f)∗∗Φ(g))
= L˜1(T,N)
p
G/N
H/N
(Φ(f∗∗g))
= T˜pGH(f∗∗g);
and holds for every *-representation T : BH → B(YA) and f, g ∈ Cc(B). Here the p
functions are the generalized restrictions for the groups indicated in the super and sub
indexes.
Given a non degenerate L1(B, N)−positive *-representation S : L1(B, N)H/N → B(Y )
let T : BH → B(Y ) be the (non degenerate) *-representation such that S = L1(T,N).
We then get the following commutative diagram
L1(L1(B, N)H/N )
S˜≡L˜1(T,N)
**
π◦ΦH
−1
))❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
L1(BH)
T˜
//
ΦH
oo
π

B(Y )
C∗(B+H)
πT
66♥♥♥♥♥♥♥♥♥♥♥♥♥
We can arrange the T above so that πT is faithful. In such a situation we know
(by [7, XI 12.7] or (4.15)) that π ◦ ΦH−1(pG/NH/N (f ∗ ∗ f)) ≥ 0 for all f, g ∈ Cc(L1(B, N)).
Then
π ◦ ΦH−1 : L1(L1(B, N)H/N )→ C∗(B+H)
is a C*-completion satisfying conditions (1) and (2) of Theorem 2.16, meaning that
C∗(L1(B, N)+H/N ) ∼= C∗(B+H).
By restricting the isometric *-isomorphism Φ: L1(B) → L1(L1(B, N)) to Cc(B) we
obtain a unitary operator
U : L2H(B)→ L2H/N (L1(B, N))
mapping f + I ∈ Cc(B)/I to Φ(f) + I ′, I ′ being the null space of Cc(L1(B, N)) with
respect to the C∗(L1(B, N)+H/N )−valued pre inner product of Cc(L1(B, N)). This claim
holds, ultimately, by (4.15). It then follows that the conjugation by U gives the unitary
equivalence of C*-algebras
(4.16) C∗H(B) ∼= C∗H/N (L1(B, N)) ∼= C∗H/N (C∗(B, N)),
where the C*-isomorphism on the right is that given by Proposition 4.6.
We can now re-interpret (and extend) [7, XI 12.7] as the fact that for every B−positive
*-representation T : BH → B(YA) there exits a unitary
U ⊗ 1: L2H(B)⊗T YA → L2H/N (L1(B, N))⊗L1(T,N) YA,
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mapping f ⊗T ξ to Φ(f)⊗L1(T,N) ξ, for every elementary tensor f ⊗T ξ. This operator
establishes the unitary equivalence of *-representations
(4.17) L1(IndBH(T ), N)
∼= IndL1(B,N)H/N (L1(T,N)).
The first consequence of the identity above is the following.
Proposition 4.18. Assume B is a Fell bundle over G, N ⊂ G a normal subgroup and
χ
BN : L1(BN )→ C∗(BN ) the universal C*-completion. Then the bundle C*-completion
of L1(B, N), C = {Cα}α∈G/N , is (isomorphic to) the χBN−completion of L1(B, N) in
the sense of Definition 4.2.
Proof. Let ρ = {ρα}α∈G/N : L1(B, N) → C be the canonical morphism. By Proposi-
tion 4.1 it suffices to show that ‖ρN (f)‖ = ‖χBN (f)‖ for all f ∈ L1(BN ). The inequal-
ity ‖ρN(f)‖ ≤ ‖χBN (f)‖ holds for all f ∈ L1(BN ) because CN is a C*-algebra and
ρN : L
1(BN )→ CN a morphism of *-algebras.
By Theorem 2.15 we can induce χBN to a *-representation S := IndL
1(B,N)
e (χ
BN ) of
L1(B, N). Then Lemma 3.4 and the construction of the bundle C*-completion imply,
for all f ∈ L1(BN ), that
‖χBN (f)‖ = ‖Sf‖ ≤ ‖ρN (f)‖.
Hence ‖χBN (f)‖ ≤ ‖ρN(f)‖ ≤ ‖χBN (f)‖ and the proof is complete. 
It now makes sense to adopt the following.
Notation 4.19. In the situation of the Proposition above, the bundle C*-completion of
L1(B, N) will be denoted C∗(B, N) = {C∗(Bα)}α∈G/N . This makes sense because with
this notation the unit fibre of C∗(B, N) is, both symbolically and concretely, C∗(BN ).
Previously in this section we obtained a C*-isomorphism C∗H(B) ∼= C∗H/N (L1(B, N)),
provided that H ⊂ G is a subgroup containing N. We now relate this fact to the
amenability of L1(B, N).
Proposition 4.20. Consider a *-Banach algebraic bundle B = {Bt}t∈G and subgroups
N ⊂ H ⊂ K ⊂ G with N normal in G. Let Φ: L1(B)→ L1(B, N) be the isomorphism
of Remark 4.13, ψH : C
∗
H(B) → C∗H/N(L1(B, N)) and ψK : C∗K(B) → C∗K/N(L1(B, N))
the C*-isomorphism of (4.16) and consider the quotient maps q for B and L1(B, N) of
Proposition 3.1. Then the following diagram commutes
(4.21) L1(B) Λ˜KB //
Φ

C∗K(B)
qBKH //
ψK

C∗H(B)
ψH

L1(B, N)
Λ˜K/NL
1(B,N)
// C∗K/N(L
1(B, N))
q
L1(B,N)
(K/N)(H/N)
// C∗H/N(L
1(B, N))
.
In particular, qBKH is a C*-isomorphism if and only if q
L1(B,N)
(K/N)(H/N) is so. Setting K = G
and H = N the preceding claim becomes: qBN : C
∗(B)→ C∗N(B) is a C*-isomorphism if
and only if qL
1(B,N)
e : C
∗(L1(B, N))→ C∗r (L1(B, N)) is a C*-isomorphism (i.e. L1(B, N)
is amenable).
Proof. The outer and inner left rectangles of 4.21 commute by the construction of the
ψ maps and Proposition 3.1. Besides, the compositions of the q and χ maps in the
inner left diagram have dense ranges. This forces the inner right diagram to commute.
The rest of the proof follows immediately. 
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At this point we have a complete understanding of the relation between the C*-
algebras C∗H(B) and C∗K(L1(B, N)) provided that N ⊂ H and K ⊂ G/N are subgroups.
What about the C*-algebras C∗H(B) for H ⊂ N?
The following result may be used in conjunction with Proposition 3.1, Corollary 3.11
or Theorem 3.19 to describe C∗r (L
1(B, N)) as C∗H(B) for some subgroup H ⊂ N.
Proposition 4.22. Let B = {Bt}t∈G be a Banach *-algebraic bundle and N ⊂ G a
normal subgroup. Then for any subgroup H ⊂ N there exists a unique morphism of
*-algebras πH : C
∗
r (L
1(B, N))→ C∗H(B) such that the diagram below commutes
(4.23) L1(L1(B, N)) L˜
1(ΛHB,N)
//
Λ˜eL
1(B,N) ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
C∗H(B)
C∗r (L
1(B, N))
πH
77♣♣♣♣♣♣♣♣♣♣♣
Moreover, πH is surjective and it is faithful if and only if q
B
NH : C
∗
N(B) → C∗H(B)
is so. In particular, if B is a Fell bundle, H = {e} and we identify C∗r (L1(B, N))
with C∗r (C
∗(B, N)) as in Proposition 4.6, then πe : C∗r (C∗(B, N)) → C∗r (B) is a C*-
isomorphism if and only if BN is amenable.
Proof. It is implicit in the claim of the proposition that the image of
L˜1(ΛHB, N) : L1(L1(B, N))→ B(C∗H(B))
is contained in C∗H(B). This is so because the image of Λ˜HB : L1(B) → B(C∗H(B)) is
contained in C∗H(B) and the diagram
L1(B)
Φ
xx♣♣♣
♣♣
♣♣
♣♣
♣
Λ˜HB
%%❑❑
❑❑
❑❑
❑❑
❑❑
L1(L1(B, N))
L˜1(ΛHB,N)
// B(C∗H(B))
commutes, with Φ being the isomorphism of Remark 4.13.
By (4.21) and Proposition 3.1 the following diagram commutes:
L1(L1(B, N)) L
1(ΛHB,N)
//
χ
L1(B,N)

L1(ΛNB ,N) ''◆◆
◆◆
◆◆
◆◆
◆◆
◆
C∗H(B)
C∗N(B)
qBNH
77♣♣♣♣♣♣♣♣♣♣♣
ψN ''◆◆
◆◆
◆◆
◆◆
◆◆
◆
C∗(L1(B, N))
q
L1(B,N)
e
// C∗r (L
1(B, N))
qBNH◦(ψN )
−1
OO
and qL
1(B,N)
e ◦ χL1(B,N) = Λ˜eL1(B,N). Thus we may define πH := qBNH ◦ (ψN )−1 to
make (4.23) a commutative diagram. It is the unique with such property because (4.23)
determines πH in a dense set. Besides, πH is surjective and our construction implies it
is faithful if and only if qBNH is so.
If B is a Fell bundle and H = {e} then, by Theorem 3.19, πH is a C*-isomorphism
⇔ qBNH is a C*-isomorphism ⇔ BN is amenable. 
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Theorem 4.24. Let B = {Bt}t∈G be a Fell bundle and consider normal subgroups of
G, H ⊂ N ⊂ G. Then the C*-completion qBNH ◦ χBN : L1(BN ) → C∗H(BN ) satisfies the
equivalent conditions of Theorem 4.3 when considered as *-representation of the unit
fibre of L1(B, N). If κ : L1(B, N)→ C∗H(B, N) is the qBNH ◦χBN−completion of L1(B, N),
then there exists a unitary U : L2H(B)→ L2e(C∗H(B, N)) with the following properties:
(1) U(f) = κ˜ ◦ Φ(f), for all f ∈ Cc(B), with Φ: L1(B) → L1(L1(B, N)) being that
Remark 4.13.
(2) C∗H(B) = {U∗MU : M ∈ C∗r (C∗H(B, N))}.
(3) If ϕ : C∗H(B)→ C∗r (C∗H(B, N)) is given by ϕ(M) = UMU∗, then the diagram
C∗r (L
1(B, N))
πH
ww♣♣♣
♣♣
♣♣
♣♣
♣♣ χκe
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
C∗H(B) ϕ // C∗r (C∗H(B, N))
commutes; with χκe : C
∗
r (L
1(B, N)) → C∗r (C∗H(B, N)) being the map provided by
Proposition 4.6 and πH the map of Proposition 4.22.
Besides, the following are equivalent:
(i) qBH : C
∗(B)→ C∗H(B) is a C*-isomorphism.
(ii) qBN : C
∗(B)→ C∗N(B) and qBNH : C∗(BN )→ C∗H(BN) are C*-isomorphisms.
(iii) C∗H(B, N) is amenable and qBNH is a C*-isomorphism.
(iv) C∗(B, N) is amenable and qBNH is a C*-isomorphism.
(v) The morphism between the C*-completions ρ : C∗(B, N) → C∗H(B, N), provided
by Remark 4.5, is an isomorphism and C∗(B, N) is amenable.
Proof. If in Theorem 3.12 we put K = N, then the *-representation S of that Theorem
is
(ΛHB|BN )˜ = L1(ΛHB, N)|L1(BN ).
Thus (3.15) gives the identity ‖qBNH ◦χBN (f)‖ = ‖L1(ΛHB, N)f‖ for all f ∈ L1(BN ). It is
then clear that qBNH ◦χBN satisfies condition (7) of Theorem 4.3. Let then κ : L1(B, N)→
C∗H(B, N) be the qBNH ◦ χBN−completion of L1(B, N).
We now will prove the existence of the unitary U : L2H(B)→ L2e(C∗H(B, N)) such that
Uf = κ˜ ◦ Φ(f) for all f ∈ Cc(B). Recall that we may view L2H(B) as a completion of
Cc(B) (see Remark 2.22). To prove the existence of U take f, g ∈ Cc(B) and note that:
〈κ˜ ◦ Φ(f), κ˜ ◦ Φ(g)〉L2e(C∗H(B,N)) = (κ˜ ◦ Φ(f))∗ ∗ (κ˜ ◦ Φ(g))(N) = κ˜ ◦ Φ(f ∗ ∗ g)(N)
= ρ(f ∗ ∗ g|N) = f ∗ ∗ g|N = pGN (f ∗ ∗ g) = 〈f, g〉L2H(B);
where the identity f ∗ ∗ g|N = pGN(f ∗ ∗ g) holds because ∆G|N = ∆N . It is then clear
that there exists a unique linear map U : L2H(B)→ L2e(C∗H(B, N)) that preserves inner
products and when restricted to Cc(B) is given by f 7→ κ˜ ◦ Φ(f). Note that U is
surjective because it is an isometry and it’s image contains the set κ˜◦Φ(Cc(B)), which is
dense in the inductive limit topology in Cc(C
∗
H(B, N)) and hence dense in L2e(C∗H(B, N))
by Remark 2.21.
For all f, g ∈ Cc(B) we have
Λ˜
eC∗H(B,N)
κ˜◦Φ(f)
Ug = (κ˜ ◦ Φ(f)) ∗ (κ˜ ◦ Φ(g)) = κ˜ ◦ Φ(f ∗ g) = UΛ˜HBf g.
Thus Λ˜eC
∗
H(B,N)(κ˜ ◦ Φ(f)) = UΛ˜HBf U∗ for all f ∈ L1(B) and it follows that
Λ˜eC
∗
H(B,N)(L1(B, N)) = UΛ˜HB(L1(B))U∗.
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Claim (2) of the present Theorem follows by taking closures on both sides of the identity
above.
The construction of πH , ϕ and χ
κ
e imply that for all f ∈ L1(B) :
πH(Λ˜
eL1(B,N)
Φ(f) ) = L˜
1(ΛHB, N) ◦ Φ(f) = Λ˜HBf = U∗Λ˜eC
∗
H(B,N)
κ˜◦Φ(f)
U = ϕ
(
Λ˜
eC∗H(B,N)
κ˜◦Φ(f)
)
= ϕ(χκe (Λ˜
eL1(B,N)
Φ(f) ));
meaning that πH and ϕ ◦ χκe agree when restricted to the image of Λ˜eL1(B,N). Thus, by
continuity, πH = ϕ ◦ χκe . Having shown claims (1) to (3) we now turn to prove the
equivalence of the claims (i) to (v).
By Proposition 3.1 claim (i) is equivalent to say both qBH : C
∗(B) → C∗N(B) and
qBKH : C
∗
K(B)→ C∗H(B) are C*-isomorphisms; which in turn is equivalent to (ii) by Theo-
rem 3.19. Claim (ii) together with Proposition 4.18 implies the C*-completions C∗H(BN )
and C∗(BN ) of the unit fibre L1(BN ) of L1(B, N) agree, thus the C*-completions
C∗(B, N) and C∗H(B, N) agree by Proposition 4.1. By using the identifications C∗(B) ≡
C∗(C∗(B, N)) and C∗N (B) ≡ C∗r (C∗(B, N)) of Proposition 4.20, it follows that (ii)
implies (iii). As explained before, the fact of qBNH being a C*-isomorphism implies
C∗H(B, N) = C∗(B, N). Thus (iii) and (iv) are equivalent and both imply (v). Fi-
nally, by Propositions 4.1 and 4.18, claim (v) implies qBNH is a C*-isomorphism and, by
Proposition 4.20, that qBN is a C*-isomorphism. Hence (v) implies (ii) and the proof is
complete. 
As a particular case of the Theorem above one may consider H = {e} and, as usual,
write C∗r instead of C
∗
{e}. In doing so one obtains the equivalence of the following claims:
(1) B is amenable.
(2) C∗(B, N) and BN are amenable.
(3) C∗r (B, N) and BN are amenable.
(4) The morphism of C*-completions ρ : C∗(B, N) → C∗r (B, N) is an isomorphism
and C∗(B, N) is amenable.
At this point there is no much room left for applications and consequences of the
theory we have developed. Still, we want to give some example of how to use our
theory. We start with to Corollaries that are known to hold for the subgroups H = {e}
and H = G [1, 4]. These results are an extension to Fell bundles of the compatibility
between the induction from subgroups and any Morita equivalence of crossed products
coming from a Morita equivalence of actions (see the motivating examples of [1]).
Corollary 4.25. Let B = {Bt}t∈G be a Fell bundle and A ⊂ B a Fell subbundle. If
N ⊂ G is a normal subgroup and AN is hereditary in BN in the sense of [4], then
C∗N(A) is C*-isomorphic to the closure of qBN (L1(A)) in C∗N(B).
Proof. By [4] we know C∗(AN) is (C*-isomorphic to) the closure of L1(AN) in L1(BN ).
If we regard L1(A, N) as a Banach *-algebraic subbundle of L1(B, N) and then use
Proposition 4.18 to construct the C*-completions C∗(A, N) and C∗(B, N), we then can
view C∗(A, N) as a Fell subbundle of C∗(B, N). It follows from [1, Proposition 3.2] that
the inclusion L1(C∗(A, N)) →֒ L1(C∗(B, N)) extends to an inclusion C∗r (C∗(A, N)) →֒
C∗r (C
∗(B, N)). If we view L1(A) = L1(L1(A, N)) as a *-subalgebra of L1(C∗(A, N))
and identify C∗N(A) with C∗r (C∗(A, N)) (and do the same thing for B) we see the
inclusion L1(A) →֒ L1(B) extends to an inclusion C∗N(A) →֒ C∗N(B), the image of
which is qBN (L
1(A)). 
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Corollary 4.26. Let A and B be Fell bundles over G which are (Morita) equivalent in
the sense of [4]. Then for every normal subgroup N ⊂ G the C*-algebras C∗N(A) and
C∗N(B) are Morita equivalent.
Proof. Let X be an A−B−equivalence bundle and form the linking bundle L(X ) as ex-
plained in [4]. Then both A and B are hereditary Fell subbundles of L(X ), so both AN
and BN are hereditary in C∗N(L(X )) and we may identify C∗N(A) ≡ qL(X )N (C∗(A)) and
C∗N(B) ≡ qL(X )N (C∗(B)). Define, as in [4], C∗(X ) as the closure of L1(X ) ⊂ L1(L(X )) in
C∗(L(X )). Then C∗(X ) is a C∗(A)−C∗(B)−equivalence bimodule with bimodule struc-
ture inherited from the canonical C∗(L(X ))−C∗(L(X ))−equivalence module structure
of C∗(L(X )). Since qL(X ) : C∗(L(X )) → C∗N(L(X )) is a surjective and a morphism of
C*-algebras, it follows that C∗N(X ) := qL(X )N (C∗(X )) is a C∗N(A)−C∗N(B)−equivalence
bimodule. 
We close this article with a Corollary relating the weak approximation property
(WAP) of [2] and our constructions. This last result is intended to give an idea of how
to combine our characterization C∗N(B) = C∗r (C∗(B, N)) with the WAP. The reader
may use the ideas we expose to produce other results of this sort.
Corollary 4.27. Let B be a Fell bundle over a discrete group G and N ⊂ G a normal
subgroup. Then the following are equivalent.
(1) C∗(B) is nuclear.
(2) C∗N(B) is nuclear.
(3) C∗r (B) is nuclear.
(4) B has the WAP and Be is nuclear.
(5) C∗(BN) is nuclear and C∗(B, N) has the WAP.
(6) C∗r (BN) is nuclear and C∗r (B, N) has the WAP.
(7) Both BN and C∗(B, N) have the WAP and Be is nuclear.
(8) Both BN and C∗r (B, N) have the WAP and Be is nuclear.
If the conditions above hold, then both B and BN are amenable.
Proof. Assume (1) holds, then (2) does so because C∗N(B) is a quotient of a nuclear
C*-algebra. Recalling that C∗r (B) = C∗{e}(B) is a quotient of C∗N(B), we conclude (2)
implies (3). If (3) holds, then the existence of a conditional expectation from C∗r (B)
to Be [5] implies Be is nuclear and we then can use [2, Proposition 7.3] to conclude
B has the WAP. The same Proposition can be used to prove (4) implies (1), then the
the first four claims are equivalent. This equivalence together with the fact that C∗(B)
is C*-isomorphic to C∗(C∗(B, N)) (and C∗r (B) to C∗r (C∗r (B, N))) implies the first six
claims are equivalent. Finally, this last equivalence can be used to prove all the eight
claims are equivalent. The proof ends after one recalls from [2] that the WAP implies
amenability. 
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